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First order phase transition
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Physical motivation
Vacuum stability

SM lifetime - zero and finite T (           )

BSM stability - mass spectra and quartics, 
selection of vacuua (landscape)
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Phase transitions in the early universe

Gravitational wave production, primordial B-fields

Baryogenesis / bubble wall fermion conversion

Inflation, dark energy



Quantum mechanics textbook case is alpha decay
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WKB ’26 

Prefactor: dimensionful, estimated from the kinetic energy of the outgoing alpha
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~q0
<latexit sha1_base64="AceeWhegb3QmIwxkssaKA2GxXH8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjxWMLbQhrLZTtulm026uymU0D/hxYOKV3+PN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJk45TxdBnsYhVK6QaBZfoG24EthKFNAoFNsPR3dxvTlBpHstHM00wiOhA8j5n1Fip1ZkgI+Ou2y1X3Kq7AFknXk4qkKPRLX91ejFLI5SGCap123MTE2RUGc4EzkqdVGNC2YgOsG2ppBHqIFvcOyMXVumRfqxsSUMW6u+JjEZaT6PQdkbUDPWqNxf/89qp6d8GGZdJalCy5aJ+KoiJyfx50uMKmRFTSyhT3N5K2JAqyoyNqGRD8FZfXif+VbVW9R6uK/VankYRzuAcLsGDG6jDPTTABwYCnuEV3pyx8+K8Ox/L1oKTz5zCHzifP8i5j08=</latexit><latexit sha1_base64="AceeWhegb3QmIwxkssaKA2GxXH8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjxWMLbQhrLZTtulm026uymU0D/hxYOKV3+PN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJk45TxdBnsYhVK6QaBZfoG24EthKFNAoFNsPR3dxvTlBpHstHM00wiOhA8j5n1Fip1ZkgI+Ou2y1X3Kq7AFknXk4qkKPRLX91ejFLI5SGCap123MTE2RUGc4EzkqdVGNC2YgOsG2ppBHqIFvcOyMXVumRfqxsSUMW6u+JjEZaT6PQdkbUDPWqNxf/89qp6d8GGZdJalCy5aJ+KoiJyfx50uMKmRFTSyhT3N5K2JAqyoyNqGRD8FZfXif+VbVW9R6uK/VankYRzuAcLsGDG6jDPTTABwYCnuEV3pyx8+K8Ox/L1oKTz5zCHzifP8i5j08=</latexit><latexit sha1_base64="AceeWhegb3QmIwxkssaKA2GxXH8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjxWMLbQhrLZTtulm026uymU0D/hxYOKV3+PN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJk45TxdBnsYhVK6QaBZfoG24EthKFNAoFNsPR3dxvTlBpHstHM00wiOhA8j5n1Fip1ZkgI+Ou2y1X3Kq7AFknXk4qkKPRLX91ejFLI5SGCap123MTE2RUGc4EzkqdVGNC2YgOsG2ppBHqIFvcOyMXVumRfqxsSUMW6u+JjEZaT6PQdkbUDPWqNxf/89qp6d8GGZdJalCy5aJ+KoiJyfx50uMKmRFTSyhT3N5K2JAqyoyNqGRD8FZfXif+VbVW9R6uK/VankYRzuAcLsGDG6jDPTTABwYCnuEV3pyx8+K8Ox/L1oKTz5zCHzifP8i5j08=</latexit><latexit sha1_base64="AceeWhegb3QmIwxkssaKA2GxXH8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjxWMLbQhrLZTtulm026uymU0D/hxYOKV3+PN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJk45TxdBnsYhVK6QaBZfoG24EthKFNAoFNsPR3dxvTlBpHstHM00wiOhA8j5n1Fip1ZkgI+Ou2y1X3Kq7AFknXk4qkKPRLX91ejFLI5SGCap123MTE2RUGc4EzkqdVGNC2YgOsG2ppBHqIFvcOyMXVumRfqxsSUMW6u+JjEZaT6PQdkbUDPWqNxf/89qp6d8GGZdJalCy5aJ+KoiJyfx50uMKmRFTSyhT3N5K2JAqyoyNqGRD8FZfXif+VbVW9R6uK/VankYRzuAcLsGDG6jDPTTABwYCnuEV3pyx8+K8Ox/L1oKTz5zCHzifP8i5j08=</latexit>

~�
<latexit sha1_base64="jFbbc6KxqvccXB5OtYrbuFenohI=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0N4KXjxWMLaQhLLZbtqlu5uwOymU0J/hxYOKV/+NN/+N2zYHbX0w8Hhvhpl5cSa4Adf9diobm1vbO9Xd2t7+weFR/fjkyaS5psynqUh1LyaGCa6YDxwE62WaERkL1o3Hd3O/O2Ha8FQ9wjRjkSRDxRNOCVgpCCeM4tDwoST9esNtugvgdeKVpIFKdPr1r3CQ0lwyBVQQYwLPzSAqiAZOBZvVwtywjNAxGbLAUkUkM1GxOHmGL6wywEmqbSnAC/X3REGkMVMZ205JYGRWvbn4nxfkkNxGBVdZDkzR5aIkFxhSPP8fD7hmFMTUEkI1t7diOiKaULAp1WwI3urL68S/araa3sN1o90q06iiM3SOLpGHblAb3aMO8hFFKXpGr+jNAefFeXc+lq0Vp5w5RX/gfP4AaYGQ2g==</latexit><latexit sha1_base64="jFbbc6KxqvccXB5OtYrbuFenohI=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0N4KXjxWMLaQhLLZbtqlu5uwOymU0J/hxYOKV/+NN/+N2zYHbX0w8Hhvhpl5cSa4Adf9diobm1vbO9Xd2t7+weFR/fjkyaS5psynqUh1LyaGCa6YDxwE62WaERkL1o3Hd3O/O2Ha8FQ9wjRjkSRDxRNOCVgpCCeM4tDwoST9esNtugvgdeKVpIFKdPr1r3CQ0lwyBVQQYwLPzSAqiAZOBZvVwtywjNAxGbLAUkUkM1GxOHmGL6wywEmqbSnAC/X3REGkMVMZ205JYGRWvbn4nxfkkNxGBVdZDkzR5aIkFxhSPP8fD7hmFMTUEkI1t7diOiKaULAp1WwI3urL68S/araa3sN1o90q06iiM3SOLpGHblAb3aMO8hFFKXpGr+jNAefFeXc+lq0Vp5w5RX/gfP4AaYGQ2g==</latexit><latexit sha1_base64="jFbbc6KxqvccXB5OtYrbuFenohI=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0N4KXjxWMLaQhLLZbtqlu5uwOymU0J/hxYOKV/+NN/+N2zYHbX0w8Hhvhpl5cSa4Adf9diobm1vbO9Xd2t7+weFR/fjkyaS5psynqUh1LyaGCa6YDxwE62WaERkL1o3Hd3O/O2Ha8FQ9wjRjkSRDxRNOCVgpCCeM4tDwoST9esNtugvgdeKVpIFKdPr1r3CQ0lwyBVQQYwLPzSAqiAZOBZvVwtywjNAxGbLAUkUkM1GxOHmGL6wywEmqbSnAC/X3REGkMVMZ205JYGRWvbn4nxfkkNxGBVdZDkzR5aIkFxhSPP8fD7hmFMTUEkI1t7diOiKaULAp1WwI3urL68S/araa3sN1o90q06iiM3SOLpGHblAb3aMO8hFFKXpGr+jNAefFeXc+lq0Vp5w5RX/gfP4AaYGQ2g==</latexit><latexit sha1_base64="jFbbc6KxqvccXB5OtYrbuFenohI=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0N4KXjxWMLaQhLLZbtqlu5uwOymU0J/hxYOKV/+NN/+N2zYHbX0w8Hhvhpl5cSa4Adf9diobm1vbO9Xd2t7+weFR/fjkyaS5psynqUh1LyaGCa6YDxwE62WaERkL1o3Hd3O/O2Ha8FQ9wjRjkSRDxRNOCVgpCCeM4tDwoST9esNtugvgdeKVpIFKdPr1r3CQ0lwyBVQQYwLPzSAqiAZOBZvVwtywjNAxGbLAUkUkM1GxOHmGL6wywEmqbSnAC/X3REGkMVMZ205JYGRWvbn4nxfkkNxGBVdZDkzR5aIkFxhSPP8fD7hmFMTUEkI1t7diOiKaULAp1WwI3urL68S/araa3sN1o90q06iiM3SOLpGHblAb3aMO8hFFKXpGr+jNAefFeXc+lq0Vp5w5RX/gfP4AaYGQ2g==</latexit>

<latexit sha1_base64="H02DU0NjakSHh+3Zere6JZAeghU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ZMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjUa/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1kXVu6q6jctK7TaPowgncArn4ME11OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/qzuM1Q==</latexit>

Q

<latexit sha1_base64="MFOXQOUKOF2wS32nztsnruy/zn0=">AAACGnicbZDLSsNAFIYn9VbrLerSzWARXGhJRNGNUnShywr2Ak0tJ9NJO3QmCTMToYQ8hxtfxY0LRdyJG9/G6WWhrT8MfPznHOac3485U9pxvq3c3PzC4lJ+ubCyura+YW9u1VSUSEKrJOKRbPigKGchrWqmOW3EkoLwOa37/athvf5ApWJReKcHMW0J6IYsYAS0sdq26wUSSOpdgxCQpZ4A3SPAcS3D59jTkLTJfXroZtg7wNTQZda2i07JGQnPgjuBIpqo0rY/vU5EEkFDTTgo1XSdWLdSkJoRTrOClygaA+lDlzYNhiCoaqWj0zK8Z5wODiJpXqjxyP09kYJQaiB80zlcXU3XhuZ/tWaig7NWysI40TQk44+ChGMd4WFOuMMkJZoPDACRzOyKSQ9MVtqkWTAhuNMnz0LtqOSelJzb42L5YhJHHu2gXbSPXHSKyugGVVAVEfSIntErerOerBfr3foYt+asycw2+iPr6wesY5/z</latexit>

�

V = ⌧�1
c e�B



Quantum field theory

<latexit sha1_base64="fGyPULbiLmMmwT3SZJF725EaYaE=">AAACIXicbVDLSsNAFJ34rPUVdelmsAh1YUmKYjdKwY0LFxXsA5pYJtNJO3QyCTOTQgn5FTf+ihsXinQn/oyTNgttPTBw7jn3cuceL2JUKsv6MlZW19Y3Ngtbxe2d3b198+CwJcNYYNLEIQtFx0OSMMpJU1HFSCcSBAUeI21vdJv57TERkob8UU0i4gZowKlPMVJa6pk1J0BqiBGD9/AaOr5AOLHTpJpCJ0JCUW04YySiIX2qwnPYKufVWc8sWRVrBrhM7JyUQI5Gz5w6/RDHAeEKMyRl17Yi5SbZEsxIWnRiSSKER2hAuppyFBDpJrMLU3iqlT70Q6EfV3Cm/p5IUCDlJPB0Z3aPXPQy8T+vGyu/5iaUR7EiHM8X+TGDKoRZXLBPBcGKTTRBWFD9V4iHSKekdKhFHYK9ePIyaVUr9mXFergo1W/yOArgGJyAMrDBFaiDO9AATYDBM3gF7+DDeDHejE9jOm9dMfKZI/AHxvcPJQqiPg==</latexit>

L =
1

2
@'2 � V (')

real scalar with two minima

<latexit sha1_base64="ZdJwX5i2lVIeyOYiqvNJcf27Hs0="></latexit>

LE =
1

2
@E'

2 + V (')
<latexit sha1_base64="QzAlENwVfidXdKHJcjBL+fZ18x8=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ZMUvHisYj+gDWWz3bRLN9mwO1FK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B06hUM95gSirdDqjhUsS8gQIlbyea0yiQvBWMbqZ+65FrI1T8gOOE+xEdxCIUjKKVOt17MRgi1Vo99coVt+rOQJaJl5MK5Kj3yl/dvmJpxGNkkhrT8dwE/YxqFEzySambGp5QNqID3rE0phE3fjY7eUJOrNInodK2YiQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfiThJkcdsvihMJUFFpv+TvtCcoRxbQpkW9lbChlRThjalkg3BW3x5mTTPqt5F1b07r9Su8ziKcATHcAoeXEINbqEODWCg4Ble4c1B58V5dz7mrQUnnzmEP3A+fwCROZFt</latexit>)

<latexit sha1_base64="/8xQi1gSblkyprXPlzJxijUXD7M="></latexit>

�

V =

Z
D' e�S[']

<latexit sha1_base64="o79jNQ4a4ba9UvxzlzqvfuBJ+lo="></latexit>

S['] ' S['] +
�S

�'

����
'

+
1

2

�2S

�'2

����
'

+ . . .

Coleman ’77

bounce extremize fluctuations

⇢2 = t2 +
X

x2
i

<latexit sha1_base64="r3xoLz3NUP46yJxUt8idPZZ8osY=">AAACAXicbVDLSgMxFM3UV62vUVfiJlgEQSgzRdAuhIIblxUcW+hMh0yaaUOTzJBkxFKKG3/FjQsVt/6FO//GtJ2Fth64l8M595LcE6WMKu0431ZhaXllda24XtrY3NresXf37lSSSUw8nLBEtiKkCKOCeJpqRlqpJIhHjDSjwdXEb94TqWgibvUwJQFHPUFjipE2Umgf+LKfdKrwEmrTT6GvMg4fQtqphnbZqThTwEXi5qQMcjRC+8vvJjjjRGjMkFJt10l1MEJSU8zIuORniqQID1CPtA0ViBMVjKYnjOGxUbowTqQpoeFU/b0xQlypIY/MJEe6r+a9ifif1850fBGMqEgzTQSePRRnDOoETvKAXSoJ1mxoCMKSmr9C3EcSYW1SK5kQ3PmTF4lXrdQq7s1ZuV7L0yiCQ3AEToALzkEdXIMG8AAGj+AZvII368l6sd6tj9lowcp39sEfWJ8/pJ6VMg==</latexit><latexit sha1_base64="r3xoLz3NUP46yJxUt8idPZZ8osY=">AAACAXicbVDLSgMxFM3UV62vUVfiJlgEQSgzRdAuhIIblxUcW+hMh0yaaUOTzJBkxFKKG3/FjQsVt/6FO//GtJ2Fth64l8M595LcE6WMKu0431ZhaXllda24XtrY3NresXf37lSSSUw8nLBEtiKkCKOCeJpqRlqpJIhHjDSjwdXEb94TqWgibvUwJQFHPUFjipE2Umgf+LKfdKrwEmrTT6GvMg4fQtqphnbZqThTwEXi5qQMcjRC+8vvJjjjRGjMkFJt10l1MEJSU8zIuORniqQID1CPtA0ViBMVjKYnjOGxUbowTqQpoeFU/b0xQlypIY/MJEe6r+a9ifif1850fBGMqEgzTQSePRRnDOoETvKAXSoJ1mxoCMKSmr9C3EcSYW1SK5kQ3PmTF4lXrdQq7s1ZuV7L0yiCQ3AEToALzkEdXIMG8AAGj+AZvII368l6sd6tj9lowcp39sEfWJ8/pJ6VMg==</latexit><latexit sha1_base64="r3xoLz3NUP46yJxUt8idPZZ8osY=">AAACAXicbVDLSgMxFM3UV62vUVfiJlgEQSgzRdAuhIIblxUcW+hMh0yaaUOTzJBkxFKKG3/FjQsVt/6FO//GtJ2Fth64l8M595LcE6WMKu0431ZhaXllda24XtrY3NresXf37lSSSUw8nLBEtiKkCKOCeJpqRlqpJIhHjDSjwdXEb94TqWgibvUwJQFHPUFjipE2Umgf+LKfdKrwEmrTT6GvMg4fQtqphnbZqThTwEXi5qQMcjRC+8vvJjjjRGjMkFJt10l1MEJSU8zIuORniqQID1CPtA0ViBMVjKYnjOGxUbowTqQpoeFU/b0xQlypIY/MJEe6r+a9ifif1850fBGMqEgzTQSePRRnDOoETvKAXSoJ1mxoCMKSmr9C3EcSYW1SK5kQ3PmTF4lXrdQq7s1ZuV7L0yiCQ3AEToALzkEdXIMG8AAGj+AZvII368l6sd6tj9lowcp39sEfWJ8/pJ6VMg==</latexit><latexit sha1_base64="r3xoLz3NUP46yJxUt8idPZZ8osY=">AAACAXicbVDLSgMxFM3UV62vUVfiJlgEQSgzRdAuhIIblxUcW+hMh0yaaUOTzJBkxFKKG3/FjQsVt/6FO//GtJ2Fth64l8M595LcE6WMKu0431ZhaXllda24XtrY3NresXf37lSSSUw8nLBEtiKkCKOCeJpqRlqpJIhHjDSjwdXEb94TqWgibvUwJQFHPUFjipE2Umgf+LKfdKrwEmrTT6GvMg4fQtqphnbZqThTwEXi5qQMcjRC+8vvJjjjRGjMkFJt10l1MEJSU8zIuORniqQID1CPtA0ViBMVjKYnjOGxUbowTqQpoeFU/b0xQlypIY/MJEe6r+a9ifif1850fBGMqEgzTQSePRRnDOoETvKAXSoJ1mxoCMKSmr9C3EcSYW1SK5kQ3PmTF4lXrdQq7s1ZuV7L0yiCQ3AEToALzkEdXIMG8AAGj+AZvII368l6sd6tj9lowcp39sEfWJ8/pJ6VMg==</latexit>

Euclidean time = radius of the bubble

O(4)
<latexit sha1_base64="r2bMF1FFyknUT2vo18bDDM0f0ZQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoL0VvHizgrGFNpTNdtMu3d2E3Y1QQv+CFw8qXv1F3vw3btoctPXBwOO9GWbmhQln2rjut7O2vrG5tV3aKe/u7R8cVo6OH3WcKkJ9EvNYdUOsKWeS+oYZTruJoliEnHbCyU3ud56o0iyWD2aa0EDgkWQRI9jk0l2tcTGoVN26OwdaJV5BqlCgPah89YcxSQWVhnCsdc9zExNkWBlGOJ2V+6mmCSYTPKI9SyUWVAfZ/NYZOrfKEEWxsiUNmqu/JzIstJ6K0HYKbMZ62cvF/7xeaqLrIGMySQ2VZLEoSjkyMcofR0OmKDF8agkmitlbERljhYmx8ZRtCN7yy6vEv6w36959o9pqFmmU4BTOoAYeXEELbqENPhAYwzO8wpsjnBfn3flYtK45xcwJ/IHz+QNNLY1B</latexit><latexit sha1_base64="r2bMF1FFyknUT2vo18bDDM0f0ZQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoL0VvHizgrGFNpTNdtMu3d2E3Y1QQv+CFw8qXv1F3vw3btoctPXBwOO9GWbmhQln2rjut7O2vrG5tV3aKe/u7R8cVo6OH3WcKkJ9EvNYdUOsKWeS+oYZTruJoliEnHbCyU3ud56o0iyWD2aa0EDgkWQRI9jk0l2tcTGoVN26OwdaJV5BqlCgPah89YcxSQWVhnCsdc9zExNkWBlGOJ2V+6mmCSYTPKI9SyUWVAfZ/NYZOrfKEEWxsiUNmqu/JzIstJ6K0HYKbMZ62cvF/7xeaqLrIGMySQ2VZLEoSjkyMcofR0OmKDF8agkmitlbERljhYmx8ZRtCN7yy6vEv6w36959o9pqFmmU4BTOoAYeXEELbqENPhAYwzO8wpsjnBfn3flYtK45xcwJ/IHz+QNNLY1B</latexit><latexit sha1_base64="r2bMF1FFyknUT2vo18bDDM0f0ZQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoL0VvHizgrGFNpTNdtMu3d2E3Y1QQv+CFw8qXv1F3vw3btoctPXBwOO9GWbmhQln2rjut7O2vrG5tV3aKe/u7R8cVo6OH3WcKkJ9EvNYdUOsKWeS+oYZTruJoliEnHbCyU3ud56o0iyWD2aa0EDgkWQRI9jk0l2tcTGoVN26OwdaJV5BqlCgPah89YcxSQWVhnCsdc9zExNkWBlGOJ2V+6mmCSYTPKI9SyUWVAfZ/NYZOrfKEEWxsiUNmqu/JzIstJ6K0HYKbMZ62cvF/7xeaqLrIGMySQ2VZLEoSjkyMcofR0OmKDF8agkmitlbERljhYmx8ZRtCN7yy6vEv6w36959o9pqFmmU4BTOoAYeXEELbqENPhAYwzO8wpsjnBfn3flYtK45xcwJ/IHz+QNNLY1B</latexit><latexit sha1_base64="r2bMF1FFyknUT2vo18bDDM0f0ZQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoL0VvHizgrGFNpTNdtMu3d2E3Y1QQv+CFw8qXv1F3vw3btoctPXBwOO9GWbmhQln2rjut7O2vrG5tV3aKe/u7R8cVo6OH3WcKkJ9EvNYdUOsKWeS+oYZTruJoliEnHbCyU3ud56o0iyWD2aa0EDgkWQRI9jk0l2tcTGoVN26OwdaJV5BqlCgPah89YcxSQWVhnCsdc9zExNkWBlGOJ2V+6mmCSYTPKI9SyUWVAfZ/NYZOrfKEEWxsiUNmqu/JzIstJ6K0HYKbMZ62cvF/7xeaqLrIGMySQ2VZLEoSjkyMcofR0OmKDF8agkmitlbERljhYmx8ZRtCN7yy6vEv6w36959o9pqFmmU4BTOoAYeXEELbqENPhAYwzO8wpsjnBfn3flYtK45xcwJ/IHz+QNNLY1B</latexit>

Coleman, Glaser, Martin ’78

<latexit sha1_base64="OcS1X4VsLw2Or4yIGm4b1OXpO/g=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ8OIxinlAsoTZSW8yZHZ2mZkVwpI/8OJBEa/+kTf/xkmyB00saCiquunuChLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHm7cXrniVt0ZyDLxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezSCTmxSp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G3S5wqZEWNLKFPc3krYkCrKjA2nZEPwFl9eJs2zqndRde/PK7XLPI4iHMExnIIHV1CDO6hDAxiE8Ayv8OaMnBfn3fmYtxacfOYQ/sD5/AH4ZIzz</latexit>

= 0



Quantum field theory

<latexit sha1_base64="fGyPULbiLmMmwT3SZJF725EaYaE=">AAACIXicbVDLSsNAFJ34rPUVdelmsAh1YUmKYjdKwY0LFxXsA5pYJtNJO3QyCTOTQgn5FTf+ihsXinQn/oyTNgttPTBw7jn3cuceL2JUKsv6MlZW19Y3Ngtbxe2d3b198+CwJcNYYNLEIQtFx0OSMMpJU1HFSCcSBAUeI21vdJv57TERkob8UU0i4gZowKlPMVJa6pk1J0BqiBGD9/AaOr5AOLHTpJpCJ0JCUW04YySiIX2qwnPYKufVWc8sWRVrBrhM7JyUQI5Gz5w6/RDHAeEKMyRl17Yi5SbZEsxIWnRiSSKER2hAuppyFBDpJrMLU3iqlT70Q6EfV3Cm/p5IUCDlJPB0Z3aPXPQy8T+vGyu/5iaUR7EiHM8X+TGDKoRZXLBPBcGKTTRBWFD9V4iHSKekdKhFHYK9ePIyaVUr9mXFergo1W/yOArgGJyAMrDBFaiDO9AATYDBM3gF7+DDeDHejE9jOm9dMfKZI/AHxvcPJQqiPg==</latexit>

L =
1

2
@'2 � V (')

real scalar with two minima

<latexit sha1_base64="ZdJwX5i2lVIeyOYiqvNJcf27Hs0="></latexit>

LE =
1

2
@E'

2 + V (')
<latexit sha1_base64="QzAlENwVfidXdKHJcjBL+fZ18x8=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ZMUvHisYj+gDWWz3bRLN9mwO1FK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B06hUM95gSirdDqjhUsS8gQIlbyea0yiQvBWMbqZ+65FrI1T8gOOE+xEdxCIUjKKVOt17MRgi1Vo99coVt+rOQJaJl5MK5Kj3yl/dvmJpxGNkkhrT8dwE/YxqFEzySambGp5QNqID3rE0phE3fjY7eUJOrNInodK2YiQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfiThJkcdsvihMJUFFpv+TvtCcoRxbQpkW9lbChlRThjalkg3BW3x5mTTPqt5F1b07r9Su8ziKcATHcAoeXEINbqEODWCg4Ble4c1B58V5dz7mrQUnnzmEP3A+fwCROZFt</latexit>)

<latexit sha1_base64="/8xQi1gSblkyprXPlzJxijUXD7M="></latexit>

�

V =

Z
D' e�S[']

<latexit sha1_base64="o79jNQ4a4ba9UvxzlzqvfuBJ+lo="></latexit>

S['] ' S['] +
�S

�'

����
'

+
1

2

�2S

�'2

����
'

+ . . .

Coleman ’77

Blum, Honda, Sato, 
Takimoto, Tobioka ’16

multi-fields

<latexit sha1_base64="OcS1X4VsLw2Or4yIGm4b1OXpO/g=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ8OIxinlAsoTZSW8yZHZ2mZkVwpI/8OJBEa/+kTf/xkmyB00saCiquunuChLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHm7cXrniVt0ZyDLxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezSCTmxSp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G3S5wqZEWNLKFPc3krYkCrKjA2nZEPwFl9eJs2zqndRde/PK7XLPI4iHMExnIIHV1CDO6hDAxiE8Ayv8OaMnBfn3fmYtxacfOYQ/sD5/AH4ZIzz</latexit>

= 0

“...there always exists an O(4)-invariant bounce and it 
always has strictly lower action than any non-O(4) 
invariant bounce. The rigor of our proof is matched 

only by its tedium; I wouldn’t lecture on it to my worst 
enemy.” Coleman, Erice lectures ’77
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<latexit sha1_base64="vTPK+euIc4oHLj1PlZUDTCgo4tg="></latexit><latexit sha1_base64="vTPK+euIc4oHLj1PlZUDTCgo4tg="></latexit><latexit sha1_base64="vTPK+euIc4oHLj1PlZUDTCgo4tg="></latexit><latexit sha1_base64="vTPK+euIc4oHLj1PlZUDTCgo4tg="></latexit>

boundary 
conditions

D = 4 : FV decay at T = 0 

D = 3 : FV nucleation at finite T

'̈+
D � 1

⇢
'̇ = dV

<latexit sha1_base64="MpXUqPIEGCQwk6iKtCHbFefTsww=">AAACH3icbVDNS8MwHE39nPOr6tFLcCiCOloR5g7CQA8eJ9htsJaRpukaln6QpINR+qd48V/x4kFFvO2/Mdt6mJsPAo/33i/J77kJo0IaxlhbWV1b39gsbZW3d3b39vWDw5aIU46JhWMW846LBGE0IpakkpFOwgkKXUba7uB+4reHhAsaR89ylBAnRP2I+hQjqaSeXrM9L5bQHiKeBBReQNvnCGcPV2ae2TyIc2hfQns+cnYHPdjq6RWjakwBl4lZkAoo0OzpP+oWnIYkkpghIbqmkUgnQ1xSzEhetlNBEoQHqE+6ikYoJMLJpgvm8FQpHvRjrk4k4VSdn8hQKMQodFUyRDIQi95E/M/rptK/dTIaJakkEZ495KcMyhhO2oIe5QRLNlIEYU7VXyEOkGpIqk7LqgRzceVlYl1X61Xz6abSqBdtlMAxOAHnwAQ10ACPoAksgMELeAMf4FN71d61L+17Fl3Ripkj8Afa+BcQOaEx</latexit><latexit sha1_base64="MpXUqPIEGCQwk6iKtCHbFefTsww=">AAACH3icbVDNS8MwHE39nPOr6tFLcCiCOloR5g7CQA8eJ9htsJaRpukaln6QpINR+qd48V/x4kFFvO2/Mdt6mJsPAo/33i/J77kJo0IaxlhbWV1b39gsbZW3d3b39vWDw5aIU46JhWMW846LBGE0IpakkpFOwgkKXUba7uB+4reHhAsaR89ylBAnRP2I+hQjqaSeXrM9L5bQHiKeBBReQNvnCGcPV2ae2TyIc2hfQns+cnYHPdjq6RWjakwBl4lZkAoo0OzpP+oWnIYkkpghIbqmkUgnQ1xSzEhetlNBEoQHqE+6ikYoJMLJpgvm8FQpHvRjrk4k4VSdn8hQKMQodFUyRDIQi95E/M/rptK/dTIaJakkEZ495KcMyhhO2oIe5QRLNlIEYU7VXyEOkGpIqk7LqgRzceVlYl1X61Xz6abSqBdtlMAxOAHnwAQ10ACPoAksgMELeAMf4FN71d61L+17Fl3Ripkj8Afa+BcQOaEx</latexit><latexit sha1_base64="MpXUqPIEGCQwk6iKtCHbFefTsww=">AAACH3icbVDNS8MwHE39nPOr6tFLcCiCOloR5g7CQA8eJ9htsJaRpukaln6QpINR+qd48V/x4kFFvO2/Mdt6mJsPAo/33i/J77kJo0IaxlhbWV1b39gsbZW3d3b39vWDw5aIU46JhWMW846LBGE0IpakkpFOwgkKXUba7uB+4reHhAsaR89ylBAnRP2I+hQjqaSeXrM9L5bQHiKeBBReQNvnCGcPV2ae2TyIc2hfQns+cnYHPdjq6RWjakwBl4lZkAoo0OzpP+oWnIYkkpghIbqmkUgnQ1xSzEhetlNBEoQHqE+6ikYoJMLJpgvm8FQpHvRjrk4k4VSdn8hQKMQodFUyRDIQi95E/M/rptK/dTIaJakkEZ495KcMyhhO2oIe5QRLNlIEYU7VXyEOkGpIqk7LqgRzceVlYl1X61Xz6abSqBdtlMAxOAHnwAQ10ACPoAksgMELeAMf4FN71d61L+17Fl3Ripkj8Afa+BcQOaEx</latexit><latexit sha1_base64="MpXUqPIEGCQwk6iKtCHbFefTsww=">AAACH3icbVDNS8MwHE39nPOr6tFLcCiCOloR5g7CQA8eJ9htsJaRpukaln6QpINR+qd48V/x4kFFvO2/Mdt6mJsPAo/33i/J77kJo0IaxlhbWV1b39gsbZW3d3b39vWDw5aIU46JhWMW846LBGE0IpakkpFOwgkKXUba7uB+4reHhAsaR89ylBAnRP2I+hQjqaSeXrM9L5bQHiKeBBReQNvnCGcPV2ae2TyIc2hfQns+cnYHPdjq6RWjakwBl4lZkAoo0OzpP+oWnIYkkpghIbqmkUgnQ1xSzEhetlNBEoQHqE+6ikYoJMLJpgvm8FQpHvRjrk4k4VSdn8hQKMQodFUyRDIQi95E/M/rptK/dTIaJakkEZ495KcMyhhO2oIe5QRLNlIEYU7VXyEOkGpIqk7LqgRzceVlYl1X61Xz6abSqBdtlMAxOAHnwAQ10ACPoAksgMELeAMf4FN71d61L+17Fl3Ripkj8Afa+BcQOaEx</latexit>

bounce equation

friction

particle 
analogy

inverted 
potential

solution existence

'0
<latexit sha1_base64="hqXCSvih0oLvSAJCZQzGNXI7Wlc=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKxhbbUCbbbbt0swm7m0IJ/RdePKh49ed489+4aXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmmnvLu3f3BYOTp+1HGqKPNpLGLVDlEzwSXzDTeCtRPFMAoFa4Xj29xvTZjSPJYPZpqwIMKh5ANO0VjpqTtBlYx4zy33KlW35s5BVolXkCoUaPYqX91+TNOISUMFat3x3MQEGSrDqWCzcjfVLEE6xiHrWCoxYjrI5hfPyLlV+mQQK1vSkLn6eyLDSOtpFNrOCM1IL3u5+J/XSc3gJsi4TFLDJF0sGqSCmJjk75M+V4waMbUEqeL2VkJHqJAaG1Iegrf88irxL2v1mnd/VW3UizRKcApncAEeXEMD7qAJPlCQ8Ayv8OZo58V5dz4WrWtOMXMCf+B8/gBEVJAo</latexit><latexit sha1_base64="hqXCSvih0oLvSAJCZQzGNXI7Wlc=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKxhbbUCbbbbt0swm7m0IJ/RdePKh49ed489+4aXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmmnvLu3f3BYOTp+1HGqKPNpLGLVDlEzwSXzDTeCtRPFMAoFa4Xj29xvTZjSPJYPZpqwIMKh5ANO0VjpqTtBlYx4zy33KlW35s5BVolXkCoUaPYqX91+TNOISUMFat3x3MQEGSrDqWCzcjfVLEE6xiHrWCoxYjrI5hfPyLlV+mQQK1vSkLn6eyLDSOtpFNrOCM1IL3u5+J/XSc3gJsi4TFLDJF0sGqSCmJjk75M+V4waMbUEqeL2VkJHqJAaG1Iegrf88irxL2v1mnd/VW3UizRKcApncAEeXEMD7qAJPlCQ8Ayv8OZo58V5dz4WrWtOMXMCf+B8/gBEVJAo</latexit><latexit sha1_base64="hqXCSvih0oLvSAJCZQzGNXI7Wlc=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKxhbbUCbbbbt0swm7m0IJ/RdePKh49ed489+4aXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmmnvLu3f3BYOTp+1HGqKPNpLGLVDlEzwSXzDTeCtRPFMAoFa4Xj29xvTZjSPJYPZpqwIMKh5ANO0VjpqTtBlYx4zy33KlW35s5BVolXkCoUaPYqX91+TNOISUMFat3x3MQEGSrDqWCzcjfVLEE6xiHrWCoxYjrI5hfPyLlV+mQQK1vSkLn6eyLDSOtpFNrOCM1IL3u5+J/XSc3gJsi4TFLDJF0sGqSCmJjk75M+V4waMbUEqeL2VkJHqJAaG1Iegrf88irxL2v1mnd/VW3UizRKcApncAEeXEMD7qAJPlCQ8Ayv8OZo58V5dz4WrWtOMXMCf+B8/gBEVJAo</latexit><latexit sha1_base64="hqXCSvih0oLvSAJCZQzGNXI7Wlc=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKxhbbUCbbbbt0swm7m0IJ/RdePKh49ed489+4aXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmmnvLu3f3BYOTp+1HGqKPNpLGLVDlEzwSXzDTeCtRPFMAoFa4Xj29xvTZjSPJYPZpqwIMKh5ANO0VjpqTtBlYx4zy33KlW35s5BVolXkCoUaPYqX91+TNOISUMFat3x3MQEGSrDqWCzcjfVLEE6xiHrWCoxYjrI5hfPyLlV+mQQK1vSkLn6eyLDSOtpFNrOCM1IL3u5+J/XSc3gJsi4TFLDJF0sGqSCmJjk75M+V4waMbUEqeL2VkJHqJAaG1Iegrf88irxL2v1mnd/VW3UizRKcApncAEeXEMD7qAJPlCQ8Ayv8OZo58V5dz4WrWtOMXMCf+B8/gBEVJAo</latexit>

friction
Coleman ’77 

Affleck ’81, Linde ’83

'(0) = '0, '(1) = '+,

'̇(0,1) = 0
<latexit sha1_base64="gfOIUFjhGbE7ZbbUxzL4KETQhmk="></latexit>

The bounce D dimensional symmetric Euclidean action
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Thin wall approximation Coleman ’77
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<latexit sha1_base64="yZJWIbnCPAVfoFWqPQVc9f3htwQ="></latexit><latexit sha1_base64="yZJWIbnCPAVfoFWqPQVc9f3htwQ="></latexit><latexit sha1_base64="yZJWIbnCPAVfoFWqPQVc9f3htwQ="></latexit><latexit sha1_base64="yZJWIbnCPAVfoFWqPQVc9f3htwQ="></latexit>

"
<latexit sha1_base64="zIbBibrzjL/5YYuH//+qkrw+b7Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiaG8FLx4rGFtoQ9lsJ+3SzW7Y3RRK6M/w4kHFq//Gm//GbZuDtj4YeLw3w8y8KOVMG8/7dkobm1vbO+Xdyt7+weFR9fjkSctMUQyo5FJ1IqKRM4GBYYZjJ1VIkohjOxrfzf32BJVmUjyaaYphQoaCxYwSY6Vub0IUpppxKfrVmlf3FnDXiV+QGhRo9atfvYGkWYLCUE607vpeasKcKMMox1mll2lMCR2TIXYtFSRBHeaLk2fuhVUGbiyVLWHchfp7IieJ1tMksp0JMSO96s3F/7xuZuLbMGcizQwKulwUZ9w10p3/7w6YQmr41BJCFbO3unREFKHGplSxIfirL6+T4KreqPsP17Vmo0ijDGdwDpfgww004R5aEAAFCc/wCm+OcV6cd+dj2VpyiplT+APn8wchT5FS</latexit><latexit sha1_base64="zIbBibrzjL/5YYuH//+qkrw+b7Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiaG8FLx4rGFtoQ9lsJ+3SzW7Y3RRK6M/w4kHFq//Gm//GbZuDtj4YeLw3w8y8KOVMG8/7dkobm1vbO+Xdyt7+weFR9fjkSctMUQyo5FJ1IqKRM4GBYYZjJ1VIkohjOxrfzf32BJVmUjyaaYphQoaCxYwSY6Vub0IUpppxKfrVmlf3FnDXiV+QGhRo9atfvYGkWYLCUE607vpeasKcKMMox1mll2lMCR2TIXYtFSRBHeaLk2fuhVUGbiyVLWHchfp7IieJ1tMksp0JMSO96s3F/7xuZuLbMGcizQwKulwUZ9w10p3/7w6YQmr41BJCFbO3unREFKHGplSxIfirL6+T4KreqPsP17Vmo0ijDGdwDpfgww004R5aEAAFCc/wCm+OcV6cd+dj2VpyiplT+APn8wchT5FS</latexit><latexit sha1_base64="zIbBibrzjL/5YYuH//+qkrw+b7Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiaG8FLx4rGFtoQ9lsJ+3SzW7Y3RRK6M/w4kHFq//Gm//GbZuDtj4YeLw3w8y8KOVMG8/7dkobm1vbO+Xdyt7+weFR9fjkSctMUQyo5FJ1IqKRM4GBYYZjJ1VIkohjOxrfzf32BJVmUjyaaYphQoaCxYwSY6Vub0IUpppxKfrVmlf3FnDXiV+QGhRo9atfvYGkWYLCUE607vpeasKcKMMox1mll2lMCR2TIXYtFSRBHeaLk2fuhVUGbiyVLWHchfp7IieJ1tMksp0JMSO96s3F/7xuZuLbMGcizQwKulwUZ9w10p3/7w6YQmr41BJCFbO3unREFKHGplSxIfirL6+T4KreqPsP17Vmo0ijDGdwDpfgww004R5aEAAFCc/wCm+OcV6cd+dj2VpyiplT+APn8wchT5FS</latexit><latexit sha1_base64="zIbBibrzjL/5YYuH//+qkrw+b7Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiaG8FLx4rGFtoQ9lsJ+3SzW7Y3RRK6M/w4kHFq//Gm//GbZuDtj4YeLw3w8y8KOVMG8/7dkobm1vbO+Xdyt7+weFR9fjkSctMUQyo5FJ1IqKRM4GBYYZjJ1VIkohjOxrfzf32BJVmUjyaaYphQoaCxYwSY6Vub0IUpppxKfrVmlf3FnDXiV+QGhRo9atfvYGkWYLCUE607vpeasKcKMMox1mll2lMCR2TIXYtFSRBHeaLk2fuhVUGbiyVLWHchfp7IieJ1tMksp0JMSO96s3F/7xuZuLbMGcizQwKulwUZ9w10p3/7w6YQmr41BJCFbO3unREFKHGplSxIfirL6+T4KreqPsP17Vmo0ijDGdwDpfgww004R5aEAAFCc/wCm+OcV6cd+dj2VpyiplT+APn8wchT5FS</latexit>small    limit

'0
<latexit sha1_base64="hqXCSvih0oLvSAJCZQzGNXI7Wlc=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKxhbbUCbbbbt0swm7m0IJ/RdePKh49ed489+4aXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmmnvLu3f3BYOTp+1HGqKPNpLGLVDlEzwSXzDTeCtRPFMAoFa4Xj29xvTZjSPJYPZpqwIMKh5ANO0VjpqTtBlYx4zy33KlW35s5BVolXkCoUaPYqX91+TNOISUMFat3x3MQEGSrDqWCzcjfVLEE6xiHrWCoxYjrI5hfPyLlV+mQQK1vSkLn6eyLDSOtpFNrOCM1IL3u5+J/XSc3gJsi4TFLDJF0sGqSCmJjk75M+V4waMbUEqeL2VkJHqJAaG1Iegrf88irxL2v1mnd/VW3UizRKcApncAEeXEMD7qAJPlCQ8Ayv8OZo58V5dz4WrWtOMXMCf+B8/gBEVJAo</latexit><latexit sha1_base64="hqXCSvih0oLvSAJCZQzGNXI7Wlc=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKxhbbUCbbbbt0swm7m0IJ/RdePKh49ed489+4aXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmmnvLu3f3BYOTp+1HGqKPNpLGLVDlEzwSXzDTeCtRPFMAoFa4Xj29xvTZjSPJYPZpqwIMKh5ANO0VjpqTtBlYx4zy33KlW35s5BVolXkCoUaPYqX91+TNOISUMFat3x3MQEGSrDqWCzcjfVLEE6xiHrWCoxYjrI5hfPyLlV+mQQK1vSkLn6eyLDSOtpFNrOCM1IL3u5+J/XSc3gJsi4TFLDJF0sGqSCmJjk75M+V4waMbUEqeL2VkJHqJAaG1Iegrf88irxL2v1mnd/VW3UizRKcApncAEeXEMD7qAJPlCQ8Ayv8OZo58V5dz4WrWtOMXMCf+B8/gBEVJAo</latexit><latexit sha1_base64="hqXCSvih0oLvSAJCZQzGNXI7Wlc=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKxhbbUCbbbbt0swm7m0IJ/RdePKh49ed489+4aXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmmnvLu3f3BYOTp+1HGqKPNpLGLVDlEzwSXzDTeCtRPFMAoFa4Xj29xvTZjSPJYPZpqwIMKh5ANO0VjpqTtBlYx4zy33KlW35s5BVolXkCoUaPYqX91+TNOISUMFat3x3MQEGSrDqWCzcjfVLEE6xiHrWCoxYjrI5hfPyLlV+mQQK1vSkLn6eyLDSOtpFNrOCM1IL3u5+J/XSc3gJsi4TFLDJF0sGqSCmJjk75M+V4waMbUEqeL2VkJHqJAaG1Iegrf88irxL2v1mnd/VW3UizRKcApncAEeXEMD7qAJPlCQ8Ayv8OZo58V5dz4WrWtOMXMCf+B8/gBEVJAo</latexit><latexit sha1_base64="hqXCSvih0oLvSAJCZQzGNXI7Wlc=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKxhbbUCbbbbt0swm7m0IJ/RdePKh49ed489+4aXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmmnvLu3f3BYOTp+1HGqKPNpLGLVDlEzwSXzDTeCtRPFMAoFa4Xj29xvTZjSPJYPZpqwIMKh5ANO0VjpqTtBlYx4zy33KlW35s5BVolXkCoUaPYqX91+TNOISUMFat3x3MQEGSrDqWCzcjfVLEE6xiHrWCoxYjrI5hfPyLlV+mQQK1vSkLn6eyLDSOtpFNrOCM1IL3u5+J/XSc3gJsi4TFLDJF0sGqSCmJjk75M+V4waMbUEqeL2VkJHqJAaG1Iegrf88irxL2v1mnd/VW3UizRKcApncAEeXEMD7qAJPlCQ8Ayv8OZo58V5dz4WrWtOMXMCf+B8/gBEVJAo</latexit> '0 ' '�

<latexit sha1_base64="gZ8tlT0Ff4pC5EIV+gOw41llI5Y=">AAACA3icbVBNS8NAEN3Ur1q/oh57WSyCF0sigvZW8OKxgrGFpoTNdtMu3d3E3U2hhB68+Fe8eFDx6p/w5r9x00bQ1gcDj/dmmJkXJowq7ThfVmlldW19o7xZ2dre2d2z9w/uVJxKTDwcs1h2QqQIo4J4mmpGOokkiIeMtMPRVe63x0QqGotbPUlIj6OBoBHFSBspsKv+GMlkSAMH+opycg9/hNNKYNecujMDXCZuQWqgQCuwP/1+jFNOhMYMKdV1nUT3MiQ1xYxMK36qSILwCA1I11CBOFG9bPbEFB4bpQ+jWJoSGs7U3xMZ4kpNeGg6OdJDtejl4n9eN9XRZS+jIkk1EXi+KEoZ1DHME4F9KgnWbGIIwpKaWyEeIomwNrnlIbiLLy8T76zeqLs357Vmo0ijDKrgCJwAF1yAJrgGLeABDB7AE3gBr9aj9Wy9We/z1pJVzByCP7A+vgH7I5cw</latexit><latexit sha1_base64="gZ8tlT0Ff4pC5EIV+gOw41llI5Y=">AAACA3icbVBNS8NAEN3Ur1q/oh57WSyCF0sigvZW8OKxgrGFpoTNdtMu3d3E3U2hhB68+Fe8eFDx6p/w5r9x00bQ1gcDj/dmmJkXJowq7ThfVmlldW19o7xZ2dre2d2z9w/uVJxKTDwcs1h2QqQIo4J4mmpGOokkiIeMtMPRVe63x0QqGotbPUlIj6OBoBHFSBspsKv+GMlkSAMH+opycg9/hNNKYNecujMDXCZuQWqgQCuwP/1+jFNOhMYMKdV1nUT3MiQ1xYxMK36qSILwCA1I11CBOFG9bPbEFB4bpQ+jWJoSGs7U3xMZ4kpNeGg6OdJDtejl4n9eN9XRZS+jIkk1EXi+KEoZ1DHME4F9KgnWbGIIwpKaWyEeIomwNrnlIbiLLy8T76zeqLs357Vmo0ijDKrgCJwAF1yAJrgGLeABDB7AE3gBr9aj9Wy9We/z1pJVzByCP7A+vgH7I5cw</latexit><latexit sha1_base64="gZ8tlT0Ff4pC5EIV+gOw41llI5Y=">AAACA3icbVBNS8NAEN3Ur1q/oh57WSyCF0sigvZW8OKxgrGFpoTNdtMu3d3E3U2hhB68+Fe8eFDx6p/w5r9x00bQ1gcDj/dmmJkXJowq7ThfVmlldW19o7xZ2dre2d2z9w/uVJxKTDwcs1h2QqQIo4J4mmpGOokkiIeMtMPRVe63x0QqGotbPUlIj6OBoBHFSBspsKv+GMlkSAMH+opycg9/hNNKYNecujMDXCZuQWqgQCuwP/1+jFNOhMYMKdV1nUT3MiQ1xYxMK36qSILwCA1I11CBOFG9bPbEFB4bpQ+jWJoSGs7U3xMZ4kpNeGg6OdJDtejl4n9eN9XRZS+jIkk1EXi+KEoZ1DHME4F9KgnWbGIIwpKaWyEeIomwNrnlIbiLLy8T76zeqLs357Vmo0ijDKrgCJwAF1yAJrgGLeABDB7AE3gBr9aj9Wy9We/z1pJVzByCP7A+vgH7I5cw</latexit><latexit sha1_base64="gZ8tlT0Ff4pC5EIV+gOw41llI5Y=">AAACA3icbVBNS8NAEN3Ur1q/oh57WSyCF0sigvZW8OKxgrGFpoTNdtMu3d3E3U2hhB68+Fe8eFDx6p/w5r9x00bQ1gcDj/dmmJkXJowq7ThfVmlldW19o7xZ2dre2d2z9w/uVJxKTDwcs1h2QqQIo4J4mmpGOokkiIeMtMPRVe63x0QqGotbPUlIj6OBoBHFSBspsKv+GMlkSAMH+opycg9/hNNKYNecujMDXCZuQWqgQCuwP/1+jFNOhMYMKdV1nUT3MiQ1xYxMK36qSILwCA1I11CBOFG9bPbEFB4bpQ+jWJoSGs7U3xMZ4kpNeGg6OdJDtejl4n9eN9XRZS+jIkk1EXi+KEoZ1DHME4F9KgnWbGIIwpKaWyEeIomwNrnlIbiLLy8T76zeqLs357Vmo0ijDKrgCJwAF1yAJrgGLeABDB7AE3gBr9aj9Wy9We/z1pJVzByCP7A+vgH7I5cw</latexit>

⇢ = R
<latexit sha1_base64="H00sIVNVABPGpWZOHC7VcXsALes=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0B6EghePVYwttKFstpt26WY37m6EEvonvHhQ8erv8ea/cdvmoK0PBh7vzTAzL0o508bzvp3Syura+kZ5s7K1vbO75+4fPGiZKUIDIrlU7QhrypmggWGG03aqKE4iTlvR6Hrqt56o0kyKezNOaZjggWAxI9hYqd1VQ4mu0F3PrXo1bwa0TPyCVKFAs+d+dfuSZAkVhnCsdcf3UhPmWBlGOJ1UupmmKSYjPKAdSwVOqA7z2b0TdGKVPoqlsiUMmqm/J3KcaD1OItuZYDPUi95U/M/rZCa+DHMm0sxQQeaL4owjI9H0edRnihLDx5Zgopi9FZEhVpgYG1HFhuAvvrxMgrNavebfnlcb9SKNMhzBMZyCDxfQgBtoQgAEODzDK7w5j86L8+58zFtLTjFzCH/gfP4AXmePCQ==</latexit><latexit sha1_base64="H00sIVNVABPGpWZOHC7VcXsALes=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0B6EghePVYwttKFstpt26WY37m6EEvonvHhQ8erv8ea/cdvmoK0PBh7vzTAzL0o508bzvp3Syura+kZ5s7K1vbO75+4fPGiZKUIDIrlU7QhrypmggWGG03aqKE4iTlvR6Hrqt56o0kyKezNOaZjggWAxI9hYqd1VQ4mu0F3PrXo1bwa0TPyCVKFAs+d+dfuSZAkVhnCsdcf3UhPmWBlGOJ1UupmmKSYjPKAdSwVOqA7z2b0TdGKVPoqlsiUMmqm/J3KcaD1OItuZYDPUi95U/M/rZCa+DHMm0sxQQeaL4owjI9H0edRnihLDx5Zgopi9FZEhVpgYG1HFhuAvvrxMgrNavebfnlcb9SKNMhzBMZyCDxfQgBtoQgAEODzDK7w5j86L8+58zFtLTjFzCH/gfP4AXmePCQ==</latexit><latexit sha1_base64="H00sIVNVABPGpWZOHC7VcXsALes=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0B6EghePVYwttKFstpt26WY37m6EEvonvHhQ8erv8ea/cdvmoK0PBh7vzTAzL0o508bzvp3Syura+kZ5s7K1vbO75+4fPGiZKUIDIrlU7QhrypmggWGG03aqKE4iTlvR6Hrqt56o0kyKezNOaZjggWAxI9hYqd1VQ4mu0F3PrXo1bwa0TPyCVKFAs+d+dfuSZAkVhnCsdcf3UhPmWBlGOJ1UupmmKSYjPKAdSwVOqA7z2b0TdGKVPoqlsiUMmqm/J3KcaD1OItuZYDPUi95U/M/rZCa+DHMm0sxQQeaL4owjI9H0edRnihLDx5Zgopi9FZEhVpgYG1HFhuAvvrxMgrNavebfnlcb9SKNMhzBMZyCDxfQgBtoQgAEODzDK7w5j86L8+58zFtLTjFzCH/gfP4AXmePCQ==</latexit><latexit sha1_base64="H00sIVNVABPGpWZOHC7VcXsALes=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0B6EghePVYwttKFstpt26WY37m6EEvonvHhQ8erv8ea/cdvmoK0PBh7vzTAzL0o508bzvp3Syura+kZ5s7K1vbO75+4fPGiZKUIDIrlU7QhrypmggWGG03aqKE4iTlvR6Hrqt56o0kyKezNOaZjggWAxI9hYqd1VQ4mu0F3PrXo1bwa0TPyCVKFAs+d+dfuSZAkVhnCsdcf3UhPmWBlGOJ1UupmmKSYjPKAdSwVOqA7z2b0TdGKVPoqlsiUMmqm/J3KcaD1OItuZYDPUi95U/M/rZCa+DHMm0sxQQeaL4owjI9H0edRnihLDx5Zgopi9FZEhVpgYG1HFhuAvvrxMgrNavebfnlcb9SKNMhzBMZyCDxfQgBtoQgAEODzDK7w5j86L8+58zFtLTjFzCH/gfP4AXmePCQ==</latexit>

until

'(⇢) =

8
><

>:

�v, ⇢ ⌧ R

'1(⇢�R), ⇢ ⇡ R

v, ⇢ � R
<latexit sha1_base64="CJErWeMxV7fhqeqSIqHeqSCv+wI="></latexit><latexit sha1_base64="CJErWeMxV7fhqeqSIqHeqSCv+wI="></latexit><latexit sha1_base64="CJErWeMxV7fhqeqSIqHeqSCv+wI="></latexit><latexit sha1_base64="CJErWeMxV7fhqeqSIqHeqSCv+wI="></latexit>

field 
solution

' �v
<latexit sha1_base64="Vl9XsLC7Tt9VaP8hVs3SwH31Lo4=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSQiaG8FLx4rGFtpQ9lsJ+3S3STubgql9Fd48aDi1b/jzX/jts1BWx8MPN6bYWZemAqujet+Oyura+sbm4Wt4vbO7t5+6eDwQSeZYuizRCSqGVKNgsfoG24ENlOFVIYCG+HgZuo3hqg0T+J7M0oxkLQX84gzaqz02NZc4hM5H3ZKZbfizkCWiZeTMuSod0pf7W7CMomxYYJq3fLc1ARjqgxnAifFdqYxpWxAe9iyNKYSdTCeHTwhp1bpkihRtmJDZurviTGVWo9kaDslNX296E3F/7xWZqLrYMzjNDMYs/miKBPEJGT6PelyhcyIkSWUKW5vJaxPFWXGZlS0IXiLLy8T/6JSrXh3l+VaNU+jAMdwAmfgwRXU4Bbq4AMDCc/wCm+Ocl6cd+dj3rri5DNH8AfO5w+4x4/d</latexit><latexit sha1_base64="Vl9XsLC7Tt9VaP8hVs3SwH31Lo4=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSQiaG8FLx4rGFtpQ9lsJ+3S3STubgql9Fd48aDi1b/jzX/jts1BWx8MPN6bYWZemAqujet+Oyura+sbm4Wt4vbO7t5+6eDwQSeZYuizRCSqGVKNgsfoG24ENlOFVIYCG+HgZuo3hqg0T+J7M0oxkLQX84gzaqz02NZc4hM5H3ZKZbfizkCWiZeTMuSod0pf7W7CMomxYYJq3fLc1ARjqgxnAifFdqYxpWxAe9iyNKYSdTCeHTwhp1bpkihRtmJDZurviTGVWo9kaDslNX296E3F/7xWZqLrYMzjNDMYs/miKBPEJGT6PelyhcyIkSWUKW5vJaxPFWXGZlS0IXiLLy8T/6JSrXh3l+VaNU+jAMdwAmfgwRXU4Bbq4AMDCc/wCm+Ocl6cd+dj3rri5DNH8AfO5w+4x4/d</latexit><latexit sha1_base64="Vl9XsLC7Tt9VaP8hVs3SwH31Lo4=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSQiaG8FLx4rGFtpQ9lsJ+3S3STubgql9Fd48aDi1b/jzX/jts1BWx8MPN6bYWZemAqujet+Oyura+sbm4Wt4vbO7t5+6eDwQSeZYuizRCSqGVKNgsfoG24ENlOFVIYCG+HgZuo3hqg0T+J7M0oxkLQX84gzaqz02NZc4hM5H3ZKZbfizkCWiZeTMuSod0pf7W7CMomxYYJq3fLc1ARjqgxnAifFdqYxpWxAe9iyNKYSdTCeHTwhp1bpkihRtmJDZurviTGVWo9kaDslNX296E3F/7xWZqLrYMzjNDMYs/miKBPEJGT6PelyhcyIkSWUKW5vJaxPFWXGZlS0IXiLLy8T/6JSrXh3l+VaNU+jAMdwAmfgwRXU4Bbq4AMDCc/wCm+Ocl6cd+dj3rri5DNH8AfO5w+4x4/d</latexit><latexit sha1_base64="Vl9XsLC7Tt9VaP8hVs3SwH31Lo4=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSQiaG8FLx4rGFtpQ9lsJ+3S3STubgql9Fd48aDi1b/jzX/jts1BWx8MPN6bYWZemAqujet+Oyura+sbm4Wt4vbO7t5+6eDwQSeZYuizRCSqGVKNgsfoG24ENlOFVIYCG+HgZuo3hqg0T+J7M0oxkLQX84gzaqz02NZc4hM5H3ZKZbfizkCWiZeTMuSod0pf7W7CMomxYYJq3fLc1ARjqgxnAifFdqYxpWxAe9iyNKYSdTCeHTwhp1bpkihRtmJDZurviTGVWo9kaDslNX296E3F/7xWZqLrYMzjNDMYs/miKBPEJGT6PelyhcyIkSWUKW5vJaxPFWXGZlS0IXiLLy8T/6JSrXh3l+VaNU+jAMdwAmfgwRXU4Bbq4AMDCc/wCm+Ocl6cd+dj3rri5DNH8AfO5w+4x4/d</latexit>

' v
<latexit sha1_base64="NYpkSkMABja1qJ0py2GuKu548D0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjxWMLbQhrLZTtulu0m6uymU0D/hxYOKV3+PN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJk45TxdBnsYhVK6QaBY/QN9wIbCUKqQwFNsPR3dxvTlBpHkePZppgIOkg4n3OqLFSq6O5xDGZdMsVt+ouQNaJl5MK5Gh0y1+dXsxSiZFhgmrd9tzEBBlVhjOBs1In1ZhQNqIDbFsaUYk6yBb3zsiFVXqkHytbkSEL9fdERqXWUxnaTknNUK96c/E/r52a/m2Q8ShJDUZsuaifCmJiMn+e9LhCZsTUEsoUt7cSNqSKMmMjKtkQvNWX14l/Va1VvYfrSr2Wp1GEMziHS/DgBupwDw3wgYGAZ3iFN2fsvDjvzseyteDkM6fwB87nD00Hj6Y=</latexit><latexit sha1_base64="NYpkSkMABja1qJ0py2GuKu548D0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjxWMLbQhrLZTtulu0m6uymU0D/hxYOKV3+PN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJk45TxdBnsYhVK6QaBY/QN9wIbCUKqQwFNsPR3dxvTlBpHkePZppgIOkg4n3OqLFSq6O5xDGZdMsVt+ouQNaJl5MK5Gh0y1+dXsxSiZFhgmrd9tzEBBlVhjOBs1In1ZhQNqIDbFsaUYk6yBb3zsiFVXqkHytbkSEL9fdERqXWUxnaTknNUK96c/E/r52a/m2Q8ShJDUZsuaifCmJiMn+e9LhCZsTUEsoUt7cSNqSKMmMjKtkQvNWX14l/Va1VvYfrSr2Wp1GEMziHS/DgBupwDw3wgYGAZ3iFN2fsvDjvzseyteDkM6fwB87nD00Hj6Y=</latexit><latexit sha1_base64="NYpkSkMABja1qJ0py2GuKu548D0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjxWMLbQhrLZTtulu0m6uymU0D/hxYOKV3+PN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJk45TxdBnsYhVK6QaBY/QN9wIbCUKqQwFNsPR3dxvTlBpHkePZppgIOkg4n3OqLFSq6O5xDGZdMsVt+ouQNaJl5MK5Gh0y1+dXsxSiZFhgmrd9tzEBBlVhjOBs1In1ZhQNqIDbFsaUYk6yBb3zsiFVXqkHytbkSEL9fdERqXWUxnaTknNUK96c/E/r52a/m2Q8ShJDUZsuaifCmJiMn+e9LhCZsTUEsoUt7cSNqSKMmMjKtkQvNWX14l/Va1VvYfrSr2Wp1GEMziHS/DgBupwDw3wgYGAZ3iFN2fsvDjvzseyteDkM6fwB87nD00Hj6Y=</latexit><latexit sha1_base64="NYpkSkMABja1qJ0py2GuKu548D0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjxWMLbQhrLZTtulu0m6uymU0D/hxYOKV3+PN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJk45TxdBnsYhVK6QaBY/QN9wIbCUKqQwFNsPR3dxvTlBpHkePZppgIOkg4n3OqLFSq6O5xDGZdMsVt+ouQNaJl5MK5Gh0y1+dXsxSiZFhgmrd9tzEBBlVhjOBs1In1ZhQNqIDbFsaUYk6yBb3zsiFVXqkHytbkSEL9fdERqXWUxnaTknNUK96c/E/r52a/m2Q8ShJDUZsuaifCmJiMn+e9LhCZsTUEsoUt7cSNqSKMmMjKtkQvNWX14l/Va1VvYfrSr2Wp1GEMziHS/DgBupwDw3wgYGAZ3iFN2fsvDjvzseyteDkM6fwB87nD00Hj6Y=</latexit>

bounce 
action

volume surface

SE = 2⇡2

Z 1

0
⇢3d⇢

✓
1

2
'̇2 + V

◆

= �1

2
⇡2R4"+ ⇡2R3S1

<latexit sha1_base64="uQooKN55/7cjhhgLug+WqJzBCa4="></latexit><latexit sha1_base64="uQooKN55/7cjhhgLug+WqJzBCa4="></latexit><latexit sha1_base64="uQooKN55/7cjhhgLug+WqJzBCa4="></latexit><latexit sha1_base64="uQooKN55/7cjhhgLug+WqJzBCa4="></latexit>

extremize the action

dSE

dR
= 0 ) R =

3S1

"
<latexit sha1_base64="7TnHyyhbcquQYv20B4v5FaPkjCU="></latexit><latexit sha1_base64="7TnHyyhbcquQYv20B4v5FaPkjCU="></latexit><latexit sha1_base64="7TnHyyhbcquQYv20B4v5FaPkjCU="></latexit><latexit sha1_base64="7TnHyyhbcquQYv20B4v5FaPkjCU="></latexit>

SE =
27⇡2

2

S4
1

"3
<latexit sha1_base64="oIR0jk3yhAWqNki9XzAiLuJ5Blo=">AAACHHicbVBNS8NAEN3Ur1q/oh69LBbBU0lqofYgFETwWKm1haYNm+2mXbrZhN1NoYT8ES/+FS8eVLx4EPw3btsctPXBwOO9GWbmeRGjUlnWt5FbW9/Y3MpvF3Z29/YPzMOjBxnGApMWDlkoOh6ShFFOWooqRjqRICjwGGl74+uZ354QIWnI79U0Ir0ADTn1KUZKS65Zabo38Ao6vkA4KVehE9F+OU3KaSY1XbtfSRNnggSJJGUh71+krlm0StYccJXYGSmCDA3X/HQGIY4DwhVmSMqubUWqlyChKGYkLTixJBHCYzQkXU05CojsJfPvUnimlQH0Q6GLKzhXf08kKJByGni6M0BqJJe9mfif142Vf9lLKI9iRTheLPJjBlUIZ1HBARUEKzbVBGFB9a0Qj5BORelACzoEe/nlVdIql2ol+65SrNeyNPLgBJyCc2CDKqiDW9AALYDBI3gGr+DNeDJejHfjY9GaM7KZY/AHxtcPPrmhBw==</latexit><latexit sha1_base64="oIR0jk3yhAWqNki9XzAiLuJ5Blo=">AAACHHicbVBNS8NAEN3Ur1q/oh69LBbBU0lqofYgFETwWKm1haYNm+2mXbrZhN1NoYT8ES/+FS8eVLx4EPw3btsctPXBwOO9GWbmeRGjUlnWt5FbW9/Y3MpvF3Z29/YPzMOjBxnGApMWDlkoOh6ShFFOWooqRjqRICjwGGl74+uZ354QIWnI79U0Ir0ADTn1KUZKS65Zabo38Ao6vkA4KVehE9F+OU3KaSY1XbtfSRNnggSJJGUh71+krlm0StYccJXYGSmCDA3X/HQGIY4DwhVmSMqubUWqlyChKGYkLTixJBHCYzQkXU05CojsJfPvUnimlQH0Q6GLKzhXf08kKJByGni6M0BqJJe9mfif142Vf9lLKI9iRTheLPJjBlUIZ1HBARUEKzbVBGFB9a0Qj5BORelACzoEe/nlVdIql2ol+65SrNeyNPLgBJyCc2CDKqiDW9AALYDBI3gGr+DNeDJejHfjY9GaM7KZY/AHxtcPPrmhBw==</latexit><latexit sha1_base64="oIR0jk3yhAWqNki9XzAiLuJ5Blo=">AAACHHicbVBNS8NAEN3Ur1q/oh69LBbBU0lqofYgFETwWKm1haYNm+2mXbrZhN1NoYT8ES/+FS8eVLx4EPw3btsctPXBwOO9GWbmeRGjUlnWt5FbW9/Y3MpvF3Z29/YPzMOjBxnGApMWDlkoOh6ShFFOWooqRjqRICjwGGl74+uZ354QIWnI79U0Ir0ADTn1KUZKS65Zabo38Ao6vkA4KVehE9F+OU3KaSY1XbtfSRNnggSJJGUh71+krlm0StYccJXYGSmCDA3X/HQGIY4DwhVmSMqubUWqlyChKGYkLTixJBHCYzQkXU05CojsJfPvUnimlQH0Q6GLKzhXf08kKJByGni6M0BqJJe9mfif142Vf9lLKI9iRTheLPJjBlUIZ1HBARUEKzbVBGFB9a0Qj5BORelACzoEe/nlVdIql2ol+65SrNeyNPLgBJyCc2CDKqiDW9AALYDBI3gGr+DNeDJejHfjY9GaM7KZY/AHxtcPPrmhBw==</latexit><latexit sha1_base64="oIR0jk3yhAWqNki9XzAiLuJ5Blo=">AAACHHicbVBNS8NAEN3Ur1q/oh69LBbBU0lqofYgFETwWKm1haYNm+2mXbrZhN1NoYT8ES/+FS8eVLx4EPw3btsctPXBwOO9GWbmeRGjUlnWt5FbW9/Y3MpvF3Z29/YPzMOjBxnGApMWDlkoOh6ShFFOWooqRjqRICjwGGl74+uZ354QIWnI79U0Ir0ADTn1KUZKS65Zabo38Ao6vkA4KVehE9F+OU3KaSY1XbtfSRNnggSJJGUh71+krlm0StYccJXYGSmCDA3X/HQGIY4DwhVmSMqubUWqlyChKGYkLTixJBHCYzQkXU05CojsJfPvUnimlQH0Q6GLKzhXf08kKJByGni6M0BqJJe9mfif142Vf9lLKI9iRTheLPJjBlUIZ1HBARUEKzbVBGFB9a0Qj5BORelACzoEe/nlVdIql2ol+65SrNeyNPLgBJyCc2CDKqiDW9AALYDBI3gGr+DNeDJejHfjY9GaM7KZY/AHxtcPPrmhBw==</latexit>

S1 =
v3
p
�

3
<latexit sha1_base64="XvF4drSzy2eKl3ioUpFR+JIb2TA=">AAACCnicbVC7TsMwFHXKq5RXgJHFaoXEVCWAeAxIlVgYiyC0UhMix3Faq44TbKdSFWVn4VdYGACx8gVs/A3uY4CWI13p6Jx77XtPkDIqlWV9G6WFxaXllfJqZW19Y3PL3N65k0kmMHFwwhLRDpAkjHLiKKoYaaeCoDhgpBX0L0d+a0CEpAm/VcOUeDHqchpRjJSWfLN649vwArqRQDgf3B9BVz4IlbtMPxGiosiPCt+sWXVrDDhP7CmpgSmavvnlhgnOYsIVZkjKjm2lysuRUBQzUlTcTJIU4T7qko6mHMVEevn4lgLuayWEUSJ0cQXH6u+JHMVSDuNAd8ZI9eSsNxL/8zqZis68nPI0U4TjyUdRxqBK4CgYGFJBsGJDTRAWVO8KcQ/pWJSOr6JDsGdPnifOYf28bl8f1xon0zTKYA9UwQGwwSlogCvQBA7A4BE8g1fwZjwZL8a78TFpLRnTmV3wB8bnD3sGmkQ=</latexit><latexit sha1_base64="XvF4drSzy2eKl3ioUpFR+JIb2TA=">AAACCnicbVC7TsMwFHXKq5RXgJHFaoXEVCWAeAxIlVgYiyC0UhMix3Faq44TbKdSFWVn4VdYGACx8gVs/A3uY4CWI13p6Jx77XtPkDIqlWV9G6WFxaXllfJqZW19Y3PL3N65k0kmMHFwwhLRDpAkjHLiKKoYaaeCoDhgpBX0L0d+a0CEpAm/VcOUeDHqchpRjJSWfLN649vwArqRQDgf3B9BVz4IlbtMPxGiosiPCt+sWXVrDDhP7CmpgSmavvnlhgnOYsIVZkjKjm2lysuRUBQzUlTcTJIU4T7qko6mHMVEevn4lgLuayWEUSJ0cQXH6u+JHMVSDuNAd8ZI9eSsNxL/8zqZis68nPI0U4TjyUdRxqBK4CgYGFJBsGJDTRAWVO8KcQ/pWJSOr6JDsGdPnifOYf28bl8f1xon0zTKYA9UwQGwwSlogCvQBA7A4BE8g1fwZjwZL8a78TFpLRnTmV3wB8bnD3sGmkQ=</latexit><latexit sha1_base64="XvF4drSzy2eKl3ioUpFR+JIb2TA=">AAACCnicbVC7TsMwFHXKq5RXgJHFaoXEVCWAeAxIlVgYiyC0UhMix3Faq44TbKdSFWVn4VdYGACx8gVs/A3uY4CWI13p6Jx77XtPkDIqlWV9G6WFxaXllfJqZW19Y3PL3N65k0kmMHFwwhLRDpAkjHLiKKoYaaeCoDhgpBX0L0d+a0CEpAm/VcOUeDHqchpRjJSWfLN649vwArqRQDgf3B9BVz4IlbtMPxGiosiPCt+sWXVrDDhP7CmpgSmavvnlhgnOYsIVZkjKjm2lysuRUBQzUlTcTJIU4T7qko6mHMVEevn4lgLuayWEUSJ0cQXH6u+JHMVSDuNAd8ZI9eSsNxL/8zqZis68nPI0U4TjyUdRxqBK4CgYGFJBsGJDTRAWVO8KcQ/pWJSOr6JDsGdPnifOYf28bl8f1xon0zTKYA9UwQGwwSlogCvQBA7A4BE8g1fwZjwZL8a78TFpLRnTmV3wB8bnD3sGmkQ=</latexit><latexit sha1_base64="XvF4drSzy2eKl3ioUpFR+JIb2TA=">AAACCnicbVC7TsMwFHXKq5RXgJHFaoXEVCWAeAxIlVgYiyC0UhMix3Faq44TbKdSFWVn4VdYGACx8gVs/A3uY4CWI13p6Jx77XtPkDIqlWV9G6WFxaXllfJqZW19Y3PL3N65k0kmMHFwwhLRDpAkjHLiKKoYaaeCoDhgpBX0L0d+a0CEpAm/VcOUeDHqchpRjJSWfLN649vwArqRQDgf3B9BVz4IlbtMPxGiosiPCt+sWXVrDDhP7CmpgSmavvnlhgnOYsIVZkjKjm2lysuRUBQzUlTcTJIU4T7qko6mHMVEevn4lgLuayWEUSJ0cQXH6u+JHMVSDuNAd8ZI9eSsNxL/8zqZis68nPI0U4TjyUdRxqBK4CgYGFJBsGJDTRAWVO8KcQ/pWJSOr6JDsGdPnifOYf28bl8f1xon0zTKYA9UwQGwwSlogCvQBA7A4BE8g1fwZjwZL8a78TFpLRnTmV3wB8bnD3sGmkQ=</latexit>

'1(⇢) = v tanh

 p
�v

2
⇢

!

<latexit sha1_base64="KCHulhCnrF1yHmtkukXUemDV5i4="></latexit><latexit sha1_base64="KCHulhCnrF1yHmtkukXUemDV5i4="></latexit><latexit sha1_base64="KCHulhCnrF1yHmtkukXUemDV5i4="></latexit><latexit sha1_base64="KCHulhCnrF1yHmtkukXUemDV5i4="></latexit>

d2SE

dR2
< 0

<latexit sha1_base64="ZedDN+JoKy7Qy8C6G30NVDOSLM4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyWpggouCiK4rI8+oE3DZDJph04mYWYilBDc+CtuXCji1q9w5984bbPQ1gMXDufcy733eDGjUlnWt1FYWFxaXimultbWNza3zO2dpowSgUkDRywSbQ9JwignDUUVI+1YEBR6jLS84eXYbz0QIWnE79UoJk6I+pwGFCOlJdfc6wYC4dTvVeGde5WlPrztVTN4AS3XLFsVawI4T+yclEGOumt+df0IJyHhCjMkZce2YuWkSCiKGclK3USSGOEh6pOOphyFRDrp5IUMHmrFh0EkdHEFJ+rviRSFUo5CT3eGSA3krDcW//M6iQrOnJTyOFGE4+miIGFQRXCcB/SpIFixkSYIC6pvhXiAdCZKp1bSIdizL8+TZrViH1eqNyfl2nkeRxHsgwNwBGxwCmrgGtRBA2DwCJ7BK3gznowX4934mLYWjHxmF/yB8fkDsjmVpQ==</latexit>

runaway
Coleman ’77

Bödeker, Moore ’09, ’17
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Duncan, Jensen ’92Linear potentials


 triangle and box

Exact solution

' = v + a ⇢2 +
b

⇢2
<latexit sha1_base64="ytkKxtKcdzwB60WR+9FM9kAK/G4="></latexit><latexit sha1_base64="ytkKxtKcdzwB60WR+9FM9kAK/G4="></latexit><latexit sha1_base64="ytkKxtKcdzwB60WR+9FM9kAK/G4="></latexit><latexit sha1_base64="ytkKxtKcdzwB60WR+9FM9kAK/G4="></latexit>

'̈+
3

⇢
'̇ = dV = 8 a

<latexit sha1_base64="zSh7hBBh7L2+veVbr3ZZU8Z68xQ="></latexit><latexit sha1_base64="zSh7hBBh7L2+veVbr3ZZU8Z68xQ="></latexit><latexit sha1_base64="zSh7hBBh7L2+veVbr3ZZU8Z68xQ="></latexit><latexit sha1_base64="zSh7hBBh7L2+veVbr3ZZU8Z68xQ="></latexit>

a1
<latexit sha1_base64="aE+rzI+JVZSdrJlK0533y0sr4/g=">AAACVHicbZBdS8MwGIXTzumcH9v00pviELwYpRWZejfwxssJ1g3WUtI07cLSD5JUGKW/xFv9TeKPEUy7Itr5QuBwzkne8HgpJVwYxqeitnbau3ud/e7B4dFxrz84eeZJxhC2UEITNvcgx5TE2BJEUDxPGYaRR/HMW92X+ewFM06S+EmsU+xEMIxJQBAU0nL7vdyuHsl9r4CuWbj9oaEb1WjbwqzFENQzdQeKbvsJyiIcC0Qh5wvTSIWTQyYIorjo2hnHKUQrGOKFlDGMMHfyammhXUjH14KEyRMLrXJ/38hhxPk68mQzgmLJm1lp/pctMhHcOjmJ00zgGG0WBRnVRKKVGDSfMIwEXUsBESPyrxpaQgaRkLC6to8DCbQmw4qchV6R6+PxyBgZRSMO69gYVYVm7P3EVaEkbDZ5bgvrSr/Tzcfr4WRco+6AM3AOLoEJbsAEPIApsAACGXgFb+Bd+VC+1Jba3lRVpb5zCv6MevwN72yy6Q==</latexit><latexit sha1_base64="aE+rzI+JVZSdrJlK0533y0sr4/g=">AAACVHicbZBdS8MwGIXTzumcH9v00pviELwYpRWZejfwxssJ1g3WUtI07cLSD5JUGKW/xFv9TeKPEUy7Itr5QuBwzkne8HgpJVwYxqeitnbau3ud/e7B4dFxrz84eeZJxhC2UEITNvcgx5TE2BJEUDxPGYaRR/HMW92X+ewFM06S+EmsU+xEMIxJQBAU0nL7vdyuHsl9r4CuWbj9oaEb1WjbwqzFENQzdQeKbvsJyiIcC0Qh5wvTSIWTQyYIorjo2hnHKUQrGOKFlDGMMHfyammhXUjH14KEyRMLrXJ/38hhxPk68mQzgmLJm1lp/pctMhHcOjmJ00zgGG0WBRnVRKKVGDSfMIwEXUsBESPyrxpaQgaRkLC6to8DCbQmw4qchV6R6+PxyBgZRSMO69gYVYVm7P3EVaEkbDZ5bgvrSr/Tzcfr4WRco+6AM3AOLoEJbsAEPIApsAACGXgFb+Bd+VC+1Jba3lRVpb5zCv6MevwN72yy6Q==</latexit><latexit sha1_base64="aE+rzI+JVZSdrJlK0533y0sr4/g=">AAACVHicbZBdS8MwGIXTzumcH9v00pviELwYpRWZejfwxssJ1g3WUtI07cLSD5JUGKW/xFv9TeKPEUy7Itr5QuBwzkne8HgpJVwYxqeitnbau3ud/e7B4dFxrz84eeZJxhC2UEITNvcgx5TE2BJEUDxPGYaRR/HMW92X+ewFM06S+EmsU+xEMIxJQBAU0nL7vdyuHsl9r4CuWbj9oaEb1WjbwqzFENQzdQeKbvsJyiIcC0Qh5wvTSIWTQyYIorjo2hnHKUQrGOKFlDGMMHfyammhXUjH14KEyRMLrXJ/38hhxPk68mQzgmLJm1lp/pctMhHcOjmJ00zgGG0WBRnVRKKVGDSfMIwEXUsBESPyrxpaQgaRkLC6to8DCbQmw4qchV6R6+PxyBgZRSMO69gYVYVm7P3EVaEkbDZ5bgvrSr/Tzcfr4WRco+6AM3AOLoEJbsAEPIApsAACGXgFb+Bd+VC+1Jba3lRVpb5zCv6MevwN72yy6Q==</latexit><latexit sha1_base64="aE+rzI+JVZSdrJlK0533y0sr4/g=">AAACVHicbZBdS8MwGIXTzumcH9v00pviELwYpRWZejfwxssJ1g3WUtI07cLSD5JUGKW/xFv9TeKPEUy7Itr5QuBwzkne8HgpJVwYxqeitnbau3ud/e7B4dFxrz84eeZJxhC2UEITNvcgx5TE2BJEUDxPGYaRR/HMW92X+ewFM06S+EmsU+xEMIxJQBAU0nL7vdyuHsl9r4CuWbj9oaEb1WjbwqzFENQzdQeKbvsJyiIcC0Qh5wvTSIWTQyYIorjo2hnHKUQrGOKFlDGMMHfyammhXUjH14KEyRMLrXJ/38hhxPk68mQzgmLJm1lp/pctMhHcOjmJ00zgGG0WBRnVRKKVGDSfMIwEXUsBESPyrxpaQgaRkLC6to8DCbQmw4qchV6R6+PxyBgZRSMO69gYVYVm7P3EVaEkbDZ5bgvrSr/Tzcfr4WRco+6AM3AOLoEJbsAEPIApsAACGXgFb+Bd+VC+1Jba3lRVpb5zCv6MevwN72yy6Q==</latexit>

a2 =
1

8

Ṽ3 � Ṽ2

'̃3 � '̃2
<latexit sha1_base64="XWWw9IIi6qQDroLtdywxeisX0Tk="></latexit><latexit sha1_base64="XWWw9IIi6qQDroLtdywxeisX0Tk="></latexit><latexit sha1_base64="XWWw9IIi6qQDroLtdywxeisX0Tk="></latexit><latexit sha1_base64="XWWw9IIi6qQDroLtdywxeisX0Tk="></latexit>
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j2 HrL
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R0 R1 R2

Initial conditions @ R0


 a)


 b)

'1(0) = '0, '̇1(0) = 0
<latexit sha1_base64="1DpsP9zcN2U4OuNfeTMVupGYzHw="></latexit><latexit sha1_base64="1DpsP9zcN2U4OuNfeTMVupGYzHw="></latexit><latexit sha1_base64="1DpsP9zcN2U4OuNfeTMVupGYzHw="></latexit><latexit sha1_base64="1DpsP9zcN2U4OuNfeTMVupGYzHw="></latexit>

v1 = '0, b1 = 0
<latexit sha1_base64="BVrOyBkRVlYCij6LlZU0luABCag="></latexit><latexit sha1_base64="BVrOyBkRVlYCij6LlZU0luABCag="></latexit><latexit sha1_base64="BVrOyBkRVlYCij6LlZU0luABCag="></latexit><latexit sha1_base64="BVrOyBkRVlYCij6LlZU0luABCag="></latexit>

'1(R0) = '̃1, '̇1(R0) = 0
<latexit sha1_base64="+6i5ELtqT3vG6yJSPqnR/+9ytK8="></latexit><latexit sha1_base64="+6i5ELtqT3vG6yJSPqnR/+9ytK8="></latexit><latexit sha1_base64="+6i5ELtqT3vG6yJSPqnR/+9ytK8="></latexit><latexit sha1_base64="+6i5ELtqT3vG6yJSPqnR/+9ytK8="></latexit>

shoot in     '0
<latexit sha1_base64="+gQSoflzZWriN3QJ6WFsH9yqpAM="></latexit><latexit sha1_base64="+gQSoflzZWriN3QJ6WFsH9yqpAM="></latexit><latexit sha1_base64="+gQSoflzZWriN3QJ6WFsH9yqpAM="></latexit><latexit sha1_base64="+gQSoflzZWriN3QJ6WFsH9yqpAM="></latexit>

R0
<latexit sha1_base64="42zcld5iLcX9mnHaj9hIJr0foZo="></latexit><latexit sha1_base64="42zcld5iLcX9mnHaj9hIJr0foZo="></latexit><latexit sha1_base64="42zcld5iLcX9mnHaj9hIJr0foZo="></latexit><latexit sha1_base64="42zcld5iLcX9mnHaj9hIJr0foZo="></latexit>

v1 = '̃1 � 2 a1 R
2
0, b1 = a1 R

4
0

<latexit sha1_base64="vuqSlwG2JL67DD8BwlwQ5w45aw8="></latexit><latexit sha1_base64="vuqSlwG2JL67DD8BwlwQ5w45aw8="></latexit><latexit sha1_base64="vuqSlwG2JL67DD8BwlwQ5w45aw8="></latexit><latexit sha1_base64="vuqSlwG2JL67DD8BwlwQ5w45aw8="></latexit>

Triangular

or
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R0 R1 R2

Matching conditions @ R1

Final conditions @ R2

'2(R2) = '̃3, '̇2(R2) = 0
<latexit sha1_base64="ntukB++5++FclWFETvgtvkFJ0jU="></latexit><latexit sha1_base64="ntukB++5++FclWFETvgtvkFJ0jU="></latexit><latexit sha1_base64="ntukB++5++FclWFETvgtvkFJ0jU="></latexit><latexit sha1_base64="ntukB++5++FclWFETvgtvkFJ0jU="></latexit>

v2 = '̃3 � 2 a2 R
2
2, b2 = a2 R

4
2

<latexit sha1_base64="53l/imMjpLwjJ2toRluta6SED0o="></latexit><latexit sha1_base64="53l/imMjpLwjJ2toRluta6SED0o="></latexit><latexit sha1_base64="53l/imMjpLwjJ2toRluta6SED0o="></latexit><latexit sha1_base64="53l/imMjpLwjJ2toRluta6SED0o="></latexit>

'1(R1) = '2(R1) = '̃2, '̇1(R1) = '̇2(R1)
<latexit sha1_base64="RK4hJucC+lUetWsYU4FmuRmTfhQ="></latexit><latexit sha1_base64="RK4hJucC+lUetWsYU4FmuRmTfhQ="></latexit><latexit sha1_base64="RK4hJucC+lUetWsYU4FmuRmTfhQ="></latexit><latexit sha1_base64="RK4hJucC+lUetWsYU4FmuRmTfhQ="></latexit>

Complete solution - a) works in D-dimensions

'0 =
'̃3 + c '̃2

1 + c
, c = 2

a2 � a1
a1

✓
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r
a2

a2 � a1

◆

<latexit sha1_base64="6P8MQK0zBdgGJTcADrK6mSZlUNY="></latexit><latexit sha1_base64="6P8MQK0zBdgGJTcADrK6mSZlUNY="></latexit><latexit sha1_base64="6P8MQK0zBdgGJTcADrK6mSZlUNY="></latexit><latexit sha1_base64="6P8MQK0zBdgGJTcADrK6mSZlUNY="></latexit>

R1 =
1

2

'̃3 � '̃1p
a1 ('̃2 � '̃1)�

p
�a2 ('̃3 � '̃2)

<latexit sha1_base64="DJXLvP2/Wo+wPWMdAGSHJA9ia4k="></latexit><latexit sha1_base64="DJXLvP2/Wo+wPWMdAGSHJA9ia4k="></latexit><latexit sha1_base64="DJXLvP2/Wo+wPWMdAGSHJA9ia4k="></latexit><latexit sha1_base64="DJXLvP2/Wo+wPWMdAGSHJA9ia4k="></latexit>

R2
0 = R1

 
R1 �

r
'̃2 � '̃1

a1

!

R2
2 = R1

 
R1 +

r
'̃3 � '̃2

�a2

!

<latexit sha1_base64="Gv/4c37LQ0WtjtdV53/vF4vioIc="></latexit><latexit sha1_base64="Gv/4c37LQ0WtjtdV53/vF4vioIc="></latexit><latexit sha1_base64="Gv/4c37LQ0WtjtdV53/vF4vioIc="></latexit><latexit sha1_base64="Gv/4c37LQ0WtjtdV53/vF4vioIc="></latexit>
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D

4

✓
'̃2 � '0

a1

◆

<latexit sha1_base64="d2NyLQvYCgdmbaDMSFsrfYA4TK0="></latexit><latexit sha1_base64="d2NyLQvYCgdmbaDMSFsrfYA4TK0="></latexit><latexit sha1_base64="d2NyLQvYCgdmbaDMSFsrfYA4TK0="></latexit><latexit sha1_base64="d2NyLQvYCgdmbaDMSFsrfYA4TK0="></latexit>

 a)

 b)

Triangular



Complete exact analytic solution
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Solved in terms of Euclidean radius

Stable in thin wall, goes over to TWA 


with limited validity

Summary

Dutta, Hector, Konstandin, 
Vaudrevange, Westphal ’12

Analytic continuation in Minkowski space


describes the bubble evolution Pastras ’11



Polygonal bounce
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Extend to more segments and D dimensions

Approximates any V when                , controlled precisionN ! 1
<latexit sha1_base64="/vzHSRCCBEFddeX+HfPqyHbIzbQ=">AAACT3icbZBNS8MwHMbT+bbNt02PXoJD8DBKKzL1IgMvnmSCc4O1jDRNt7A0LUkqlNKv4VU/kze/iScxq0W08w+Bh+f3hPzzeDGjUlnWu1FbW9/Y3Ko3mts7u3v7rfbBo4wSgckQRywSYw9JwignQ0UVI+NYEBR6jIy8xc2Sj56IkDTiDyqNiRuiGacBxUhpy7mDjoqgQ3mg0mmrY5lWMXBV2KXogHIG07ZhOn6Ek5BwhRmScmJbsXIzJBTFjORNJ5EkRniBZmSiJUchkW5WLJ3DE+34MIiEPlzBwv19I0OhlGno6WSI1FxW2dL8j00SFVy6GeVxogjH3w8FCYP6o8sGoE8FwYqlWiAsqN4V4jkSCCvdU9PxSaC7LNbJfJFnYublmdnrda2ulVfwrMRWtwhUsfeDi0CuG7arfa6K4Zl5Zdr3553+dVl1HRyBY3AKbHAB+uAWDMAQYBCDZ/ACXo0348P4rJXRmlGKQ/Bnao0vpomx0g==</latexit><latexit sha1_base64="/vzHSRCCBEFddeX+HfPqyHbIzbQ=">AAACT3icbZBNS8MwHMbT+bbNt02PXoJD8DBKKzL1IgMvnmSCc4O1jDRNt7A0LUkqlNKv4VU/kze/iScxq0W08w+Bh+f3hPzzeDGjUlnWu1FbW9/Y3Ko3mts7u3v7rfbBo4wSgckQRywSYw9JwignQ0UVI+NYEBR6jIy8xc2Sj56IkDTiDyqNiRuiGacBxUhpy7mDjoqgQ3mg0mmrY5lWMXBV2KXogHIG07ZhOn6Ek5BwhRmScmJbsXIzJBTFjORNJ5EkRniBZmSiJUchkW5WLJ3DE+34MIiEPlzBwv19I0OhlGno6WSI1FxW2dL8j00SFVy6GeVxogjH3w8FCYP6o8sGoE8FwYqlWiAsqN4V4jkSCCvdU9PxSaC7LNbJfJFnYublmdnrda2ulVfwrMRWtwhUsfeDi0CuG7arfa6K4Zl5Zdr3553+dVl1HRyBY3AKbHAB+uAWDMAQYBCDZ/ACXo0348P4rJXRmlGKQ/Bnao0vpomx0g==</latexit><latexit sha1_base64="/vzHSRCCBEFddeX+HfPqyHbIzbQ=">AAACT3icbZBNS8MwHMbT+bbNt02PXoJD8DBKKzL1IgMvnmSCc4O1jDRNt7A0LUkqlNKv4VU/kze/iScxq0W08w+Bh+f3hPzzeDGjUlnWu1FbW9/Y3Ko3mts7u3v7rfbBo4wSgckQRywSYw9JwignQ0UVI+NYEBR6jIy8xc2Sj56IkDTiDyqNiRuiGacBxUhpy7mDjoqgQ3mg0mmrY5lWMXBV2KXogHIG07ZhOn6Ek5BwhRmScmJbsXIzJBTFjORNJ5EkRniBZmSiJUchkW5WLJ3DE+34MIiEPlzBwv19I0OhlGno6WSI1FxW2dL8j00SFVy6GeVxogjH3w8FCYP6o8sGoE8FwYqlWiAsqN4V4jkSCCvdU9PxSaC7LNbJfJFnYublmdnrda2ulVfwrMRWtwhUsfeDi0CuG7arfa6K4Zl5Zdr3553+dVl1HRyBY3AKbHAB+uAWDMAQYBCDZ/ACXo0348P4rJXRmlGKQ/Bnao0vpomx0g==</latexit><latexit sha1_base64="/vzHSRCCBEFddeX+HfPqyHbIzbQ=">AAACT3icbZBNS8MwHMbT+bbNt02PXoJD8DBKKzL1IgMvnmSCc4O1jDRNt7A0LUkqlNKv4VU/kze/iScxq0W08w+Bh+f3hPzzeDGjUlnWu1FbW9/Y3Ko3mts7u3v7rfbBo4wSgckQRywSYw9JwignQ0UVI+NYEBR6jIy8xc2Sj56IkDTiDyqNiRuiGacBxUhpy7mDjoqgQ3mg0mmrY5lWMXBV2KXogHIG07ZhOn6Ek5BwhRmScmJbsXIzJBTFjORNJ5EkRniBZmSiJUchkW5WLJ3DE+34MIiEPlzBwv19I0OhlGno6WSI1FxW2dL8j00SFVy6GeVxogjH3w8FCYP6o8sGoE8FwYqlWiAsqN4V4jkSCCvdU9PxSaC7LNbJfJFnYublmdnrda2ulVfwrMRWtwhUsfeDi0CuG7arfa6K4Zl5Zdr3553+dVl1HRyBY3AKbHAB+uAWDMAQYBCDZ/ACXo0348P4rJXRmlGKQ/Bnao0vpomx0g==</latexit>

Semi-analytic solution for algebraic manipulation/deformation

Geometric insight of segmentation, cover non-trivial features/unstable Vs

Polygonal bounces
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Generalize case b), solve       or       a), retrieve '0
<latexit sha1_base64="09L4RFspCVvNnDvX79Lct5Ow4fU=">AAACTHicbZBNS8MwHMbT+Tbn26ZHL8UheBglFZl6kYEXjxOsm6xlpGnahaUvJOlglH4Kr/qZPPtBPIlg1hXRzj8EHp7fE/LP4yaMCgnhu1ZbW9/Y3KpvN3Z29/YPmq3DRxGnHBMLxyzmQxcJwmhELEklI8OEExS6jAzc6e2CD2aECxpHD3KeECdEQUR9ipFU1pM9QzyZ0DEcN9vQgMXoq8IsRRuU0x+3NMP2YpyGJJKYISFGJkykkyEuKWYkb9ipIAnCUxSQkZIRColwsmLjXD9Vjqf7MVcnknrh/r6RoVCIeeiqZIjkRFTZwvyPjVLpXzkZjZJUkggvH/JTpstYX3xf9ygnWLK5EghzqnbV8QRxhKUqqWF7xFdFFutkHs8zHrh5ZnS7HdiBeQUHJYadIlDF7g8uArlq2Kz2uSqsc+PaMO8v2r2bsuo6OAYn4AyY4BL0wB3oAwtgEIJn8AJetTftQ/vUvpbRmlbeOQJ/prb5DbCdsdU=</latexit><latexit sha1_base64="09L4RFspCVvNnDvX79Lct5Ow4fU=">AAACTHicbZBNS8MwHMbT+Tbn26ZHL8UheBglFZl6kYEXjxOsm6xlpGnahaUvJOlglH4Kr/qZPPtBPIlg1hXRzj8EHp7fE/LP4yaMCgnhu1ZbW9/Y3KpvN3Z29/YPmq3DRxGnHBMLxyzmQxcJwmhELEklI8OEExS6jAzc6e2CD2aECxpHD3KeECdEQUR9ipFU1pM9QzyZ0DEcN9vQgMXoq8IsRRuU0x+3NMP2YpyGJJKYISFGJkykkyEuKWYkb9ipIAnCUxSQkZIRColwsmLjXD9Vjqf7MVcnknrh/r6RoVCIeeiqZIjkRFTZwvyPjVLpXzkZjZJUkggvH/JTpstYX3xf9ygnWLK5EghzqnbV8QRxhKUqqWF7xFdFFutkHs8zHrh5ZnS7HdiBeQUHJYadIlDF7g8uArlq2Kz2uSqsc+PaMO8v2r2bsuo6OAYn4AyY4BL0wB3oAwtgEIJn8AJetTftQ/vUvpbRmlbeOQJ/prb5DbCdsdU=</latexit><latexit sha1_base64="09L4RFspCVvNnDvX79Lct5Ow4fU=">AAACTHicbZBNS8MwHMbT+Tbn26ZHL8UheBglFZl6kYEXjxOsm6xlpGnahaUvJOlglH4Kr/qZPPtBPIlg1hXRzj8EHp7fE/LP4yaMCgnhu1ZbW9/Y3KpvN3Z29/YPmq3DRxGnHBMLxyzmQxcJwmhELEklI8OEExS6jAzc6e2CD2aECxpHD3KeECdEQUR9ipFU1pM9QzyZ0DEcN9vQgMXoq8IsRRuU0x+3NMP2YpyGJJKYISFGJkykkyEuKWYkb9ipIAnCUxSQkZIRColwsmLjXD9Vjqf7MVcnknrh/r6RoVCIeeiqZIjkRFTZwvyPjVLpXzkZjZJUkggvH/JTpstYX3xf9ygnWLK5EghzqnbV8QRxhKUqqWF7xFdFFutkHs8zHrh5ZnS7HdiBeQUHJYadIlDF7g8uArlq2Kz2uSqsc+PaMO8v2r2bsuo6OAYn4AyY4BL0wB3oAwtgEIJn8AJetTftQ/vUvpbRmlbeOQJ/prb5DbCdsdU=</latexit><latexit sha1_base64="09L4RFspCVvNnDvX79Lct5Ow4fU=">AAACTHicbZBNS8MwHMbT+Tbn26ZHL8UheBglFZl6kYEXjxOsm6xlpGnahaUvJOlglH4Kr/qZPPtBPIlg1hXRzj8EHp7fE/LP4yaMCgnhu1ZbW9/Y3KpvN3Z29/YPmq3DRxGnHBMLxyzmQxcJwmhELEklI8OEExS6jAzc6e2CD2aECxpHD3KeECdEQUR9ipFU1pM9QzyZ0DEcN9vQgMXoq8IsRRuU0x+3NMP2YpyGJJKYISFGJkykkyEuKWYkb9ipIAnCUxSQkZIRColwsmLjXD9Vjqf7MVcnknrh/r6RoVCIeeiqZIjkRFTZwvyPjVLpXzkZjZJUkggvH/JTpstYX3xf9ygnWLK5EghzqnbV8QRxhKUqqWF7xFdFFutkHs8zHrh5ZnS7HdiBeQUHJYadIlDF7g8uArlq2Kz2uSqsc+PaMO8v2r2bsuo6OAYn4AyY4BL0wB3oAwtgEIJn8AJetTftQ/vUvpbRmlbeOQJ/prb5DbCdsdU=</latexit>

R0
<latexit sha1_base64="rCPa5lFcoo4v1dzS7SPHkYZrXg4=">AAACRnicbZDLSgMxGIX/qbdab60u3QwWwUUZMiJVN1Jw47JeagttKZlMZhqauZBkhDLMI7jVZ/IRfApX4tZ0Ooi2/hA4nO+E/DlOzJlUCL0bpZXVtfWN8mZla3tnd69a23+UUSII7ZCIR6LnYEk5C2lHMcVpLxYUBw6nXWdyPePdJyoki8IHNY3pMMB+yDxGsNLW/d0Ijap1ZKF8zGVhF6IOxbRHNcMauBFJAhoqwrGUfRvFaphioRjhNKsMEkljTCbYp30tQxxQOUzzXTPzWDuu6UVCn1CZufv7RooDKaeBo5MBVmO5yGbmf6yfKO9imLIwThQNyfwhL+GmiszZx02XCUoUn2qBiWB6V5OMscBE6XoqA5d6usJ8ndQVWSp8J0utZrOBGihbwH6BUSMPLGLnB+eBTDdsL/a5LDqn1qVl357VW1dF1WU4hCM4ARvOoQU30IYOEPDhGV7g1XgzPoxP42seLRnFnQP4MyX4Bu1NrwU=</latexit><latexit sha1_base64="rCPa5lFcoo4v1dzS7SPHkYZrXg4=">AAACRnicbZDLSgMxGIX/qbdab60u3QwWwUUZMiJVN1Jw47JeagttKZlMZhqauZBkhDLMI7jVZ/IRfApX4tZ0Ooi2/hA4nO+E/DlOzJlUCL0bpZXVtfWN8mZla3tnd69a23+UUSII7ZCIR6LnYEk5C2lHMcVpLxYUBw6nXWdyPePdJyoki8IHNY3pMMB+yDxGsNLW/d0Ijap1ZKF8zGVhF6IOxbRHNcMauBFJAhoqwrGUfRvFaphioRjhNKsMEkljTCbYp30tQxxQOUzzXTPzWDuu6UVCn1CZufv7RooDKaeBo5MBVmO5yGbmf6yfKO9imLIwThQNyfwhL+GmiszZx02XCUoUn2qBiWB6V5OMscBE6XoqA5d6usJ8ndQVWSp8J0utZrOBGihbwH6BUSMPLGLnB+eBTDdsL/a5LDqn1qVl357VW1dF1WU4hCM4ARvOoQU30IYOEPDhGV7g1XgzPoxP42seLRnFnQP4MyX4Bu1NrwU=</latexit><latexit sha1_base64="rCPa5lFcoo4v1dzS7SPHkYZrXg4=">AAACRnicbZDLSgMxGIX/qbdab60u3QwWwUUZMiJVN1Jw47JeagttKZlMZhqauZBkhDLMI7jVZ/IRfApX4tZ0Ooi2/hA4nO+E/DlOzJlUCL0bpZXVtfWN8mZla3tnd69a23+UUSII7ZCIR6LnYEk5C2lHMcVpLxYUBw6nXWdyPePdJyoki8IHNY3pMMB+yDxGsNLW/d0Ijap1ZKF8zGVhF6IOxbRHNcMauBFJAhoqwrGUfRvFaphioRjhNKsMEkljTCbYp30tQxxQOUzzXTPzWDuu6UVCn1CZufv7RooDKaeBo5MBVmO5yGbmf6yfKO9imLIwThQNyfwhL+GmiszZx02XCUoUn2qBiWB6V5OMscBE6XoqA5d6usJ8ndQVWSp8J0utZrOBGihbwH6BUSMPLGLnB+eBTDdsL/a5LDqn1qVl357VW1dF1WU4hCM4ARvOoQU30IYOEPDhGV7g1XgzPoxP42seLRnFnQP4MyX4Bu1NrwU=</latexit><latexit sha1_base64="rCPa5lFcoo4v1dzS7SPHkYZrXg4=">AAACRnicbZDLSgMxGIX/qbdab60u3QwWwUUZMiJVN1Jw47JeagttKZlMZhqauZBkhDLMI7jVZ/IRfApX4tZ0Ooi2/hA4nO+E/DlOzJlUCL0bpZXVtfWN8mZla3tnd69a23+UUSII7ZCIR6LnYEk5C2lHMcVpLxYUBw6nXWdyPePdJyoki8IHNY3pMMB+yDxGsNLW/d0Ijap1ZKF8zGVhF6IOxbRHNcMauBFJAhoqwrGUfRvFaphioRjhNKsMEkljTCbYp30tQxxQOUzzXTPzWDuu6UVCn1CZufv7RooDKaeBo5MBVmO5yGbmf6yfKO9imLIwThQNyfwhL+GmiszZx02XCUoUn2qBiWB6V5OMscBE6XoqA5d6usJ8ndQVWSp8J0utZrOBGihbwH6BUSMPLGLnB+eBTDdsL/a5LDqn1qVl357VW1dF1WU4hCM4ARvOoQU30IYOEPDhGV7g1XgzPoxP42seLRnFnQP4MyX4Bu1NrwU=</latexit>

No free parameters, one segment three unknowns vi, bi, Ri
<latexit sha1_base64="D/LHz5NM9RsTCMicJQB1Yk/anAk="></latexit><latexit sha1_base64="D/LHz5NM9RsTCMicJQB1Yk/anAk="></latexit><latexit sha1_base64="D/LHz5NM9RsTCMicJQB1Yk/anAk="></latexit><latexit sha1_base64="D/LHz5NM9RsTCMicJQB1Yk/anAk="></latexit>

Vi(') =

 
Ṽi+1 � Ṽi

'̃i+1 � '̃i

!

| {z }
8 ai

('� '̃i) + Ṽi � ṼN , dVi = 8 ai.

<latexit sha1_base64="BGsxHN7v/EweMO47GCADCZ3YxSw="></latexit><latexit sha1_base64="BGsxHN7v/EweMO47GCADCZ3YxSw="></latexit><latexit sha1_base64="BGsxHN7v/EweMO47GCADCZ3YxSw="></latexit><latexit sha1_base64="BGsxHN7v/EweMO47GCADCZ3YxSw="></latexit>

Ri
<latexit sha1_base64="meX2l7+w39Z8wDN8+rsQp1KYyYc=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlJ1IwU3LuslttCWMplM0qGTCzMToYQ8glt9Jh/Bp3Albp2mQTT1h4HD+c4w/xwnZlRI03zXKiura+sb1c3a1vbO7l69sf8oooRjYuOIRbzvIEEYDYktqWSkH3OCAoeRnjO9nvPeE+GCRuGDnMVkFCA/pB7FSCrr/m5Mx/WmaZj56MvCKkQTiumOG5oxdCOcBCSUmCEhBpYZy1GKuKSYkaw2TASJEZ4inwyUDFFAxCjNd830Y+W4uhdxdUKp5+7vGykKhJgFjkoGSE5Emc3N/9ggkd7FKKVhnEgS4sVDXsJ0Genzj+su5QRLNlMCYU7VrjqeII6wVPXUhi7xVIX5OqnLs5T7TpYa7XbLbJlZCfsFNlt5oIydH5wHMtWwVe5zWdinxqVh3Z41O1dF1VU4hCM4AQvOoQM30AUbMPjwDC/wqr1pH9qn9rWIVrTizgH8mQp8A1g8rz4=</latexit><latexit sha1_base64="meX2l7+w39Z8wDN8+rsQp1KYyYc=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlJ1IwU3LuslttCWMplM0qGTCzMToYQ8glt9Jh/Bp3Albp2mQTT1h4HD+c4w/xwnZlRI03zXKiura+sb1c3a1vbO7l69sf8oooRjYuOIRbzvIEEYDYktqWSkH3OCAoeRnjO9nvPeE+GCRuGDnMVkFCA/pB7FSCrr/m5Mx/WmaZj56MvCKkQTiumOG5oxdCOcBCSUmCEhBpYZy1GKuKSYkaw2TASJEZ4inwyUDFFAxCjNd830Y+W4uhdxdUKp5+7vGykKhJgFjkoGSE5Emc3N/9ggkd7FKKVhnEgS4sVDXsJ0Genzj+su5QRLNlMCYU7VrjqeII6wVPXUhi7xVIX5OqnLs5T7TpYa7XbLbJlZCfsFNlt5oIydH5wHMtWwVe5zWdinxqVh3Z41O1dF1VU4hCM4AQvOoQM30AUbMPjwDC/wqr1pH9qn9rWIVrTizgH8mQp8A1g8rz4=</latexit><latexit sha1_base64="meX2l7+w39Z8wDN8+rsQp1KYyYc=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlJ1IwU3LuslttCWMplM0qGTCzMToYQ8glt9Jh/Bp3Albp2mQTT1h4HD+c4w/xwnZlRI03zXKiura+sb1c3a1vbO7l69sf8oooRjYuOIRbzvIEEYDYktqWSkH3OCAoeRnjO9nvPeE+GCRuGDnMVkFCA/pB7FSCrr/m5Mx/WmaZj56MvCKkQTiumOG5oxdCOcBCSUmCEhBpYZy1GKuKSYkaw2TASJEZ4inwyUDFFAxCjNd830Y+W4uhdxdUKp5+7vGykKhJgFjkoGSE5Emc3N/9ggkd7FKKVhnEgS4sVDXsJ0Genzj+su5QRLNlMCYU7VrjqeII6wVPXUhi7xVIX5OqnLs5T7TpYa7XbLbJlZCfsFNlt5oIydH5wHMtWwVe5zWdinxqVh3Z41O1dF1VU4hCM4AQvOoQM30AUbMPjwDC/wqr1pH9qn9rWIVrTizgH8mQp8A1g8rz4=</latexit><latexit sha1_base64="meX2l7+w39Z8wDN8+rsQp1KYyYc=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlJ1IwU3LuslttCWMplM0qGTCzMToYQ8glt9Jh/Bp3Albp2mQTT1h4HD+c4w/xwnZlRI03zXKiura+sb1c3a1vbO7l69sf8oooRjYuOIRbzvIEEYDYktqWSkH3OCAoeRnjO9nvPeE+GCRuGDnMVkFCA/pB7FSCrr/m5Mx/WmaZj56MvCKkQTiumOG5oxdCOcBCSUmCEhBpYZy1GKuKSYkaw2TASJEZ4inwyUDFFAxCjNd830Y+W4uhdxdUKp5+7vGykKhJgFjkoGSE5Emc3N/9ggkd7FKKVhnEgS4sVDXsJ0Genzj+su5QRLNlMCYU7VrjqeII6wVPXUhi7xVIX5OqnLs5T7TpYa7XbLbJlZCfsFNlt5oIydH5wHMtWwVe5zWdinxqVh3Z41O1dF1VU4hCM4AQvOoQM30AUbMPjwDC/wqr1pH9qn9rWIVrTizgH8mQp8A1g8rz4=</latexit>
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Polygonal bounces



Polygonal construction
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Matching conditions @ Ri

Initial/final conditions remain the same

3 parameters and 3 unknowns/segment

'i(R1) = 'i+1(Ri) = '̃i+1, '̇i(Ri) = '̇i+1(Ri)
<latexit sha1_base64="C0dyHicq420Gitt72zQCIAtzs4s="></latexit><latexit sha1_base64="C0dyHicq420Gitt72zQCIAtzs4s="></latexit><latexit sha1_base64="C0dyHicq420Gitt72zQCIAtzs4s="></latexit><latexit sha1_base64="C0dyHicq420Gitt72zQCIAtzs4s="></latexit>

'̈i +
D � 1

⇢
'̇i = dVi = 8 ai

<latexit sha1_base64="ZElEFOcGkpntFPd4HaMFxwthcqI="></latexit><latexit sha1_base64="ZElEFOcGkpntFPd4HaMFxwthcqI="></latexit><latexit sha1_base64="ZElEFOcGkpntFPd4HaMFxwthcqI="></latexit><latexit sha1_base64="ZElEFOcGkpntFPd4HaMFxwthcqI="></latexit>

'i = vi +
4

D
ai ⇢

2 +
2

D � 2
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⇢D�2

<latexit sha1_base64="0RhkccWkmvOVYlVdFI5Omjlsedc="></latexit><latexit sha1_base64="0RhkccWkmvOVYlVdFI5Omjlsedc="></latexit><latexit sha1_base64="0RhkccWkmvOVYlVdFI5Omjlsedc="></latexit><latexit sha1_base64="0RhkccWkmvOVYlVdFI5Omjlsedc="></latexit>

bn =
4

D

 
a1R

D
0 +
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!

<latexit sha1_base64="XI8y/EJwua5IUcrL3+pjsY7qo2Y="></latexit><latexit sha1_base64="XI8y/EJwua5IUcrL3+pjsY7qo2Y="></latexit><latexit sha1_base64="XI8y/EJwua5IUcrL3+pjsY7qo2Y="></latexit><latexit sha1_base64="XI8y/EJwua5IUcrL3+pjsY7qo2Y="></latexit>

vn = '0 �
4

D � 2

 
a1R

2
0 +

n�1X

i=1

(ai+1 � ai)R
2
i

!

<latexit sha1_base64="S+NiY2fd3mx8aLhANWQT3P6YzdU="></latexit><latexit sha1_base64="S+NiY2fd3mx8aLhANWQT3P6YzdU="></latexit><latexit sha1_base64="S+NiY2fd3mx8aLhANWQT3P6YzdU="></latexit><latexit sha1_base64="S+NiY2fd3mx8aLhANWQT3P6YzdU="></latexit>

 a)


 b)

The bounce defined recursively

R0 = 0
<latexit sha1_base64="FDGsIVPPwpiCRvY/4LoYgx8fF/s=">AAACSnicbZBNS8MwHMbTOXXOt02PXoJD8DBKKjLdQRh48TjFusFWRpqmMyx9IUmFUfohvOpn8gP4OTyJF7OuiHb+IfDw/J6Qfx435kwqhN6Nylp1fWOztlXf3tnd2280Dx5klAhCbRLxSAxdLClnIbUVU5wOY0Fx4HI6cGfXCz54okKyKLxX85g6AZ6GzGcEK20N7iYIXkE0abSQifKBq8IqRAsU0580DXPsRSQJaKgIx1KOLBQrJ8VCMcJpVh8nksaYzPCUjrQMcUClk+b7ZvBEOx70I6FPqGDu/r6R4kDKeeDqZIDVoyyzhfkfGyXKv3RSFsaJoiFZPuQnHKoILj4PPSYoUXyuBSaC6V0hecQCE6Urqo896usa83VST2SpmLpZanY6bdRGWQlPC4zaeaCM3R+cBzLdsFXuc1XYZ2bXtG7PW71uUXUNHIFjcAoscAF64Ab0gQ0ImIFn8AJejTfjw/g0vpbRilHcOQR/plL9Bsnkr9U=</latexit><latexit sha1_base64="FDGsIVPPwpiCRvY/4LoYgx8fF/s=">AAACSnicbZBNS8MwHMbTOXXOt02PXoJD8DBKKjLdQRh48TjFusFWRpqmMyx9IUmFUfohvOpn8gP4OTyJF7OuiHb+IfDw/J6Qfx435kwqhN6Nylp1fWOztlXf3tnd2280Dx5klAhCbRLxSAxdLClnIbUVU5wOY0Fx4HI6cGfXCz54okKyKLxX85g6AZ6GzGcEK20N7iYIXkE0abSQifKBq8IqRAsU0580DXPsRSQJaKgIx1KOLBQrJ8VCMcJpVh8nksaYzPCUjrQMcUClk+b7ZvBEOx70I6FPqGDu/r6R4kDKeeDqZIDVoyyzhfkfGyXKv3RSFsaJoiFZPuQnHKoILj4PPSYoUXyuBSaC6V0hecQCE6Urqo896usa83VST2SpmLpZanY6bdRGWQlPC4zaeaCM3R+cBzLdsFXuc1XYZ2bXtG7PW71uUXUNHIFjcAoscAF64Ab0gQ0ImIFn8AJejTfjw/g0vpbRilHcOQR/plL9Bsnkr9U=</latexit><latexit sha1_base64="FDGsIVPPwpiCRvY/4LoYgx8fF/s=">AAACSnicbZBNS8MwHMbTOXXOt02PXoJD8DBKKjLdQRh48TjFusFWRpqmMyx9IUmFUfohvOpn8gP4OTyJF7OuiHb+IfDw/J6Qfx435kwqhN6Nylp1fWOztlXf3tnd2280Dx5klAhCbRLxSAxdLClnIbUVU5wOY0Fx4HI6cGfXCz54okKyKLxX85g6AZ6GzGcEK20N7iYIXkE0abSQifKBq8IqRAsU0580DXPsRSQJaKgIx1KOLBQrJ8VCMcJpVh8nksaYzPCUjrQMcUClk+b7ZvBEOx70I6FPqGDu/r6R4kDKeeDqZIDVoyyzhfkfGyXKv3RSFsaJoiFZPuQnHKoILj4PPSYoUXyuBSaC6V0hecQCE6Urqo896usa83VST2SpmLpZanY6bdRGWQlPC4zaeaCM3R+cBzLdsFXuc1XYZ2bXtG7PW71uUXUNHIFjcAoscAF64Ab0gQ0ImIFn8AJejTfjw/g0vpbRilHcOQR/plL9Bsnkr9U=</latexit><latexit sha1_base64="FDGsIVPPwpiCRvY/4LoYgx8fF/s=">AAACSnicbZBNS8MwHMbTOXXOt02PXoJD8DBKKjLdQRh48TjFusFWRpqmMyx9IUmFUfohvOpn8gP4OTyJF7OuiHb+IfDw/J6Qfx435kwqhN6Nylp1fWOztlXf3tnd2280Dx5klAhCbRLxSAxdLClnIbUVU5wOY0Fx4HI6cGfXCz54okKyKLxX85g6AZ6GzGcEK20N7iYIXkE0abSQifKBq8IqRAsU0580DXPsRSQJaKgIx1KOLBQrJ8VCMcJpVh8nksaYzPCUjrQMcUClk+b7ZvBEOx70I6FPqGDu/r6R4kDKeeDqZIDVoyyzhfkfGyXKv3RSFsaJoiFZPuQnHKoILj4PPSYoUXyuBSaC6V0hecQCE6Urqo896usa83VST2SpmLpZanY6bdRGWQlPC4zaeaCM3R+cBzLdsFXuc1XYZ2bXtG7PW71uUXUNHIFjcAoscAF64Ab0gQ0ImIFn8AJejTfjw/g0vpbRilHcOQR/plL9Bsnkr9U=</latexit>

'0 = '̃1
<latexit sha1_base64="e1qEx8IpevEgfglgwZl+zpyIHbs="></latexit><latexit sha1_base64="e1qEx8IpevEgfglgwZl+zpyIHbs="></latexit><latexit sha1_base64="e1qEx8IpevEgfglgwZl+zpyIHbs="></latexit><latexit sha1_base64="e1qEx8IpevEgfglgwZl+zpyIHbs="></latexit>



Radii computed at each segment from matching the fields

fewnomial RD
n � D

4

�n
an

RD�2
n +

D

2(D � 2)

bn
an

= 0
<latexit sha1_base64="f584Ejj/aAJT2CmCEZNceIPvj5g="></latexit><latexit sha1_base64="f584Ejj/aAJT2CmCEZNceIPvj5g="></latexit><latexit sha1_base64="f584Ejj/aAJT2CmCEZNceIPvj5g="></latexit><latexit sha1_base64="f584Ejj/aAJT2CmCEZNceIPvj5g="></latexit>

�n = '̃n+1 � vn
<latexit sha1_base64="6JIEMyb3dJ4OpXptUJK5sdm4So0="></latexit><latexit sha1_base64="6JIEMyb3dJ4OpXptUJK5sdm4So0="></latexit><latexit sha1_base64="6JIEMyb3dJ4OpXptUJK5sdm4So0="></latexit><latexit sha1_base64="6JIEMyb3dJ4OpXptUJK5sdm4So0="></latexit>

require real positive roots

'n(Rn) = '̃n+1
<latexit sha1_base64="eVW+gQ3VUOoEozQvzI11DS0vJFk="></latexit><latexit sha1_base64="eVW+gQ3VUOoEozQvzI11DS0vJFk="></latexit><latexit sha1_base64="eVW+gQ3VUOoEozQvzI11DS0vJFk="></latexit><latexit sha1_base64="eVW+gQ3VUOoEozQvzI11DS0vJFk="></latexit>

R0 = 0 R1 = 0 R2
m ax R2 R2

m in = 0 R3 R4
…

RN-1

RN-1 Œ R j0 l Æ 1RN-1 Œ C



radii solutions D = 3 : 2Rn =
1

p
an

✓
�n
⇠

+ ⇠

◆
, ⇠3 =

p
36anb2n � �3n � 6

p
anbn,

<latexit sha1_base64="dc8pibqiQxVyIChZxabEc+e4tFc="></latexit><latexit sha1_base64="dc8pibqiQxVyIChZxabEc+e4tFc="></latexit><latexit sha1_base64="dc8pibqiQxVyIChZxabEc+e4tFc="></latexit><latexit sha1_base64="dc8pibqiQxVyIChZxabEc+e4tFc="></latexit>

D = 4 : 2R2
n =

1

an

⇣
�n +

p
�2n � 4anbn

⌘

<latexit sha1_base64="LPenCqOMlgW2ZcyNxgxMj1EtF5s="></latexit><latexit sha1_base64="LPenCqOMlgW2ZcyNxgxMj1EtF5s="></latexit><latexit sha1_base64="LPenCqOMlgW2ZcyNxgxMj1EtF5s="></latexit><latexit sha1_base64="LPenCqOMlgW2ZcyNxgxMj1EtF5s="></latexit>

simple cubic

quadratic

D = 2, 6, 8
<latexit sha1_base64="LeMlRAtqjyXp3Q0uB8hpXKCR66Y="></latexit><latexit sha1_base64="LeMlRAtqjyXp3Q0uB8hpXKCR66Y="></latexit><latexit sha1_base64="LeMlRAtqjyXp3Q0uB8hpXKCR66Y="></latexit><latexit sha1_base64="LeMlRAtqjyXp3Q0uB8hpXKCR66Y="></latexit>

in the paper, other Ds possible numerically

Radii computed at each segment from matching the fields

fewnomial RD
n � D

4

�n
an

RD�2
n +

D

2(D � 2)

bn
an

= 0
<latexit sha1_base64="f584Ejj/aAJT2CmCEZNceIPvj5g="></latexit><latexit sha1_base64="f584Ejj/aAJT2CmCEZNceIPvj5g="></latexit><latexit sha1_base64="f584Ejj/aAJT2CmCEZNceIPvj5g="></latexit><latexit sha1_base64="f584Ejj/aAJT2CmCEZNceIPvj5g="></latexit>

�n = '̃n+1 � vn
<latexit sha1_base64="6JIEMyb3dJ4OpXptUJK5sdm4So0="></latexit><latexit sha1_base64="6JIEMyb3dJ4OpXptUJK5sdm4So0="></latexit><latexit sha1_base64="6JIEMyb3dJ4OpXptUJK5sdm4So0="></latexit><latexit sha1_base64="6JIEMyb3dJ4OpXptUJK5sdm4So0="></latexit>

require real positive roots

'n(Rn) = '̃n+1
<latexit sha1_base64="eVW+gQ3VUOoEozQvzI11DS0vJFk="></latexit><latexit sha1_base64="eVW+gQ3VUOoEozQvzI11DS0vJFk="></latexit><latexit sha1_base64="eVW+gQ3VUOoEozQvzI11DS0vJFk="></latexit><latexit sha1_base64="eVW+gQ3VUOoEozQvzI11DS0vJFk="></latexit>

R0 = 0 R1 = 0 R2
m ax R2 R2

m in = 0 R3 R4
…

RN-1

RN-1 Œ R j0 l Æ 1RN-1 Œ C
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Euclidean action

Bounce action

S>2 =
2⇡

D
2

�
�
D
2

�
(
RD

0

D

⇣
Ṽ1 � ṼN

⌘
+

N�1X

i=1

"
⇢2
✓
32a2i (D + 1)⇢D

D2(D + 2)
+

16aibi
D(D � 2)

� 2b2i
⇢D(D � 2)

◆
+

⇢D

D

⇣
8ai (vi � '̃i) + Ṽi � ṼN

⌘#Ri

Ri�1

)

<latexit sha1_base64="NAUcecDEiR0uuAMRy5yYeHNhHrI="></latexit><latexit sha1_base64="NAUcecDEiR0uuAMRy5yYeHNhHrI="></latexit><latexit sha1_base64="NAUcecDEiR0uuAMRy5yYeHNhHrI="></latexit><latexit sha1_base64="NAUcecDEiR0uuAMRy5yYeHNhHrI="></latexit>

PB action

Total S = T + V
<latexit sha1_base64="uXFaE/TufUib2+C/y1FItyNXa9U="></latexit><latexit sha1_base64="uXFaE/TufUib2+C/y1FItyNXa9U="></latexit><latexit sha1_base64="uXFaE/TufUib2+C/y1FItyNXa9U="></latexit><latexit sha1_base64="uXFaE/TufUib2+C/y1FItyNXa9U="></latexit>

kinetic potential

SD =
2⇡

D
2

�
�
D
2

�
Z 1

0
⇢D�1 d⇢

✓
1

2
'̇2 + V (')

◆

<latexit sha1_base64="wOK0bCoxZ1UhU7CytFHFAcPvqds="></latexit><latexit sha1_base64="wOK0bCoxZ1UhU7CytFHFAcPvqds="></latexit><latexit sha1_base64="wOK0bCoxZ1UhU7CytFHFAcPvqds="></latexit><latexit sha1_base64="wOK0bCoxZ1UhU7CytFHFAcPvqds="></latexit>

T /
Z 1

0
⇢D�1d⇢ '̇2, V /

Z 1

0
⇢D�1d⇢V(')

<latexit sha1_base64="6eoQ5jAnnW+ZBn/3lrBPjc7EoS8="></latexit><latexit sha1_base64="6eoQ5jAnnW+ZBn/3lrBPjc7EoS8="></latexit><latexit sha1_base64="6eoQ5jAnnW+ZBn/3lrBPjc7EoS8="></latexit><latexit sha1_base64="6eoQ5jAnnW+ZBn/3lrBPjc7EoS8="></latexit>



Non-existence of non-trivial static solutions of 


KG equation, no solitonic scalar ‘particles’

Derrick’s theorem

Unstable under re-scaling '(⇢) ! '(⇢/�)
<latexit sha1_base64="FEeurnuibYYVBLaYWFVvzzrXGBM="></latexit><latexit sha1_base64="FEeurnuibYYVBLaYWFVvzzrXGBM="></latexit><latexit sha1_base64="FEeurnuibYYVBLaYWFVvzzrXGBM="></latexit><latexit sha1_base64="FEeurnuibYYVBLaYWFVvzzrXGBM="></latexit>

S(�)
D = �D�2T + �DV

<latexit sha1_base64="WcmoGGnRQXni+1pj6BDU2XZi/dQ="></latexit><latexit sha1_base64="WcmoGGnRQXni+1pj6BDU2XZi/dQ="></latexit><latexit sha1_base64="WcmoGGnRQXni+1pj6BDU2XZi/dQ="></latexit><latexit sha1_base64="WcmoGGnRQXni+1pj6BDU2XZi/dQ="></latexit>

�⇥ 0 = 0,

�⇥1 = 1
<latexit sha1_base64="OBlJWmG90WzNGl1K6RbUtS55ChE="></latexit><latexit sha1_base64="OBlJWmG90WzNGl1K6RbUtS55ChE="></latexit><latexit sha1_base64="OBlJWmG90WzNGl1K6RbUtS55ChE="></latexit><latexit sha1_base64="OBlJWmG90WzNGl1K6RbUtS55ChE="></latexit>

dS(�)
D

d�

����
�=1

= 0
<latexit sha1_base64="BxUVRW73zIEMR9pyVmBmlTBHfRE="></latexit><latexit sha1_base64="BxUVRW73zIEMR9pyVmBmlTBHfRE="></latexit><latexit sha1_base64="BxUVRW73zIEMR9pyVmBmlTBHfRE="></latexit><latexit sha1_base64="BxUVRW73zIEMR9pyVmBmlTBHfRE="></latexit>

(D � 2)T +DV = 0
<latexit sha1_base64="ciMd2jxR2fKpqX5cGiPY2FJgOck="></latexit><latexit sha1_base64="ciMd2jxR2fKpqX5cGiPY2FJgOck="></latexit><latexit sha1_base64="ciMd2jxR2fKpqX5cGiPY2FJgOck="></latexit><latexit sha1_base64="ciMd2jxR2fKpqX5cGiPY2FJgOck="></latexit>

Derrick ’64

change of 
variables...remain 

the same
action is extremized at 
non-scaled values for 

true solutions

relation between 
kinetic and potential

Caveat for PB N � 1
<latexit sha1_base64="tUL1GOR29xcSd+WGTOF/o4mRJSM=">AAACSnicbZBPS8MwGMbTOXXOf5sevQSH4GGUVmTqbeDFk0ywbrCWkaZpDUvTkqTCKP0QXvUz+QH8HJ7Ei1lXRDdfCDw8vyfkzeOnjEplWe9Gba2+vrHZ2Gpu7+zu7bfaBw8yyQQmDk5YIkY+koRRThxFFSOjVBAU+4wM/en1nA+fiJA04fdqlhIvRhGnIcVIaWt4C90ogvak1bFMqxy4KuxKdEA1g0nbMN0gwVlMuMIMSTm2rVR5ORKKYkaKpptJkiI8RREZa8lRTKSXl/sW8EQ7AQwToQ9XsHR/38hRLOUs9nUyRupRLrO5+R8bZyq89HLK00wRjhcPhRmDKoHzz8OACoIVm2mBsKB6V4gfkUBY6YqabkBCXWO5Th6IIheRX+Rmr9e1ulaxhKMKW90ysIz9H1wGCt2wvdznqnDOzCvTvjvv9HtV1Q1wBI7BKbDBBeiDGzAADsBgCp7BC3g13owP49P4WkRrRnXnEPyZWv0bdDKwLQ==</latexit><latexit sha1_base64="tUL1GOR29xcSd+WGTOF/o4mRJSM=">AAACSnicbZBPS8MwGMbTOXXOf5sevQSH4GGUVmTqbeDFk0ywbrCWkaZpDUvTkqTCKP0QXvUz+QH8HJ7Ei1lXRDdfCDw8vyfkzeOnjEplWe9Gba2+vrHZ2Gpu7+zu7bfaBw8yyQQmDk5YIkY+koRRThxFFSOjVBAU+4wM/en1nA+fiJA04fdqlhIvRhGnIcVIaWt4C90ogvak1bFMqxy4KuxKdEA1g0nbMN0gwVlMuMIMSTm2rVR5ORKKYkaKpptJkiI8RREZa8lRTKSXl/sW8EQ7AQwToQ9XsHR/38hRLOUs9nUyRupRLrO5+R8bZyq89HLK00wRjhcPhRmDKoHzz8OACoIVm2mBsKB6V4gfkUBY6YqabkBCXWO5Th6IIheRX+Rmr9e1ulaxhKMKW90ysIz9H1wGCt2wvdznqnDOzCvTvjvv9HtV1Q1wBI7BKbDBBeiDGzAADsBgCp7BC3g13owP49P4WkRrRnXnEPyZWv0bdDKwLQ==</latexit><latexit sha1_base64="tUL1GOR29xcSd+WGTOF/o4mRJSM=">AAACSnicbZBPS8MwGMbTOXXOf5sevQSH4GGUVmTqbeDFk0ywbrCWkaZpDUvTkqTCKP0QXvUz+QH8HJ7Ei1lXRDdfCDw8vyfkzeOnjEplWe9Gba2+vrHZ2Gpu7+zu7bfaBw8yyQQmDk5YIkY+koRRThxFFSOjVBAU+4wM/en1nA+fiJA04fdqlhIvRhGnIcVIaWt4C90ogvak1bFMqxy4KuxKdEA1g0nbMN0gwVlMuMIMSTm2rVR5ORKKYkaKpptJkiI8RREZa8lRTKSXl/sW8EQ7AQwToQ9XsHR/38hRLOUs9nUyRupRLrO5+R8bZyq89HLK00wRjhcPhRmDKoHzz8OACoIVm2mBsKB6V4gfkUBY6YqabkBCXWO5Th6IIheRX+Rmr9e1ulaxhKMKW90ysIz9H1wGCt2wvdznqnDOzCvTvjvv9HtV1Q1wBI7BKbDBBeiDGzAADsBgCp7BC3g13owP49P4WkRrRnXnEPyZWv0bdDKwLQ==</latexit><latexit sha1_base64="tUL1GOR29xcSd+WGTOF/o4mRJSM=">AAACSnicbZBPS8MwGMbTOXXOf5sevQSH4GGUVmTqbeDFk0ywbrCWkaZpDUvTkqTCKP0QXvUz+QH8HJ7Ei1lXRDdfCDw8vyfkzeOnjEplWe9Gba2+vrHZ2Gpu7+zu7bfaBw8yyQQmDk5YIkY+koRRThxFFSOjVBAU+4wM/en1nA+fiJA04fdqlhIvRhGnIcVIaWt4C90ogvak1bFMqxy4KuxKdEA1g0nbMN0gwVlMuMIMSTm2rVR5ORKKYkaKpptJkiI8RREZa8lRTKSXl/sW8EQ7AQwToQ9XsHR/38hRLOUs9nUyRupRLrO5+R8bZyq89HLK00wRjhcPhRmDKoHzz8OACoIVm2mBsKB6V4gfkUBY6YqabkBCXWO5Th6IIheRX+Rmr9e1ulaxhKMKW90ysIz9H1wGCt2wvdznqnDOzCvTvjvv9HtV1Q1wBI7BKbDBBeiDGzAADsBgCp7BC3g13owP49P4WkRrRnXnEPyZWv0bdDKwLQ==</latexit>

Works forR ! �R
<latexit sha1_base64="HS2fV3cNnQVSDxhoukQNDc5RRuY="></latexit><latexit sha1_base64="HS2fV3cNnQVSDxhoukQNDc5RRuY="></latexit><latexit sha1_base64="HS2fV3cNnQVSDxhoukQNDc5RRuY="></latexit><latexit sha1_base64="HS2fV3cNnQVSDxhoukQNDc5RRuY="></latexit>

d2S(�)
D

d�2

����
�=1

< 0
<latexit sha1_base64="J3k7qbbA+U/lB3KrO4Mjoqv4yTc="></latexit>



Benchmarks
Linearly off-set quartic potential Coleman ’77

Benchmark for testing

" ! 0
<latexit sha1_base64="hh2u6Nr+iAG8gyHkK28St0SlYf8="></latexit><latexit sha1_base64="hh2u6Nr+iAG8gyHkK28St0SlYf8="></latexit><latexit sha1_base64="hh2u6Nr+iAG8gyHkK28St0SlYf8="></latexit><latexit sha1_base64="W8IFWBTXqH6Tk8vda49yBczLDbA=">AAACNXicbZHfSsMwFMbT+W/Wqdu1N8EheDFK6sXUO8EbLydYJ2xlpGnahaVpSVJhlL6Atz6TD+EzeCW+gFlXRDsPBD6+3wk5+U6QcaY0Qu9Wa2t7Z3evvW8fdOzDo+Nu51GluSTUIylP5VOAFeVMUE8zzelTJilOAk7HweJ2xcfPVCqWige9zKif4FiwiBGsjTWadfvIQVXBTeHWog/qmvUsZxqmJE+o0IRjpSYuyrRfYKkZ4bS0p7miGSYLHNOJkQInVPlFNWcJz4wTwiiV5ggNK/f3jQInSi2TwHQmWM9Vk63M/9gk19GVXzCR5ZoKsn4oyjnUKVx9GoZMUqL50ghMJDOzQjLHEhNtorGnIY1MfNU4RSjLQsZBWTjD4QANUNnAcY3RoGpo4uAHVw2lCdhtxrkpvAvn2nHvEWiDE3AKzoELLsENuAMj4AECQvACXq0368P6XO+hZdUL6YE/ZX19Ayy7rGs=</latexit><latexit sha1_base64="Kt6Bchw2l2WFhuGHxnVuOkuVoTQ=">AAACS3icbZHLSgMxFIbP1Hu9tW7dBIvgogwZF152ghuXCtYWOqVkMmdqMJMZkoxShnkUt/pMPo2mYxFtPRD4+b8TcvKfKJfCWEo/vMbK6tr6xuZWc3tnd2+/1d55MFmhOfZ4JjM9iJhBKRT2rLASB7lGlkYS+9HT9Yz3n1Ebkal7O81xlLKJEongzDpr3GqHz0xjboTMFAltRui41aE+rYssi2AuOjCv23Hb88M440WKynLJjBkGNLejkmkruMSqGRYGc8af2ASHTiqWohmV9ewVOXZOTJJMu6Msqd3fN0qWGjNNI9eZMvtoFtnM/I8NC5tcjEqh8sKi4t8PJYUk7o+zIEgsNHIrp04wroWblfBHphm3Lq5mGGPiIq3HKWNdlXoSVaV/dtalXVot4Mkc027dsIijH1w3VC7hYDHPZdE79S/94I7CJhzCEZxAAOdwBTdwCz3g8AKv8Abv3of32Vj7XkXDm+/kAP5UY+ML6vyycw==</latexit><latexit sha1_base64="Kt6Bchw2l2WFhuGHxnVuOkuVoTQ=">AAACS3icbZHLSgMxFIbP1Hu9tW7dBIvgogwZF152ghuXCtYWOqVkMmdqMJMZkoxShnkUt/pMPo2mYxFtPRD4+b8TcvKfKJfCWEo/vMbK6tr6xuZWc3tnd2+/1d55MFmhOfZ4JjM9iJhBKRT2rLASB7lGlkYS+9HT9Yz3n1Ebkal7O81xlLKJEongzDpr3GqHz0xjboTMFAltRui41aE+rYssi2AuOjCv23Hb88M440WKynLJjBkGNLejkmkruMSqGRYGc8af2ASHTiqWohmV9ewVOXZOTJJMu6Msqd3fN0qWGjNNI9eZMvtoFtnM/I8NC5tcjEqh8sKi4t8PJYUk7o+zIEgsNHIrp04wroWblfBHphm3Lq5mGGPiIq3HKWNdlXoSVaV/dtalXVot4Mkc027dsIijH1w3VC7hYDHPZdE79S/94I7CJhzCEZxAAOdwBTdwCz3g8AKv8Abv3of32Vj7XkXDm+/kAP5UY+ML6vyycw==</latexit><latexit sha1_base64="hZ+nT+YVCCZFOwQrX101byecP5Q="></latexit><latexit sha1_base64="hh2u6Nr+iAG8gyHkK28St0SlYf8="></latexit><latexit sha1_base64="hh2u6Nr+iAG8gyHkK28St0SlYf8="></latexit><latexit sha1_base64="hh2u6Nr+iAG8gyHkK28St0SlYf8="></latexit><latexit sha1_base64="hh2u6Nr+iAG8gyHkK28St0SlYf8="></latexit><latexit sha1_base64="hh2u6Nr+iAG8gyHkK28St0SlYf8="></latexit><latexit sha1_base64="hh2u6Nr+iAG8gyHkK28St0SlYf8="></latexit>
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Euclidean action, comparisons
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 CosmoTransitions

 AnyBubble

Wainwright ’11

Masoumi, Olum, Shlaer ’16

discontinued
Runge-Kutta PDE solver, initial value approximations

multiple shooting, damping approximations

 Shooting Mathematica, precise setting of initial values, issues with 0, infinity

PB within permille 
after 100 iterations

stable for thin/thick

faster convergence 
for thin wall



Derrick’s theorem

finite part corrections up to 
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independent measure of goodness of approximation

above relation ‘exact’ for the PB potential
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Higher orders
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Expand to higher orders


- improves convergence


- important @ extrema

Perturbative expansion ' = 'PB + ⇠
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Match at perturbed radii

Rs ! Rs (1 + rs) , rs ⌧ 1
<latexit sha1_base64="rCXRFFiAdRgr57F+JfJ42RLpTpc=">AAACF3icbZDLSgMxFIYz9VbrrerSTbBYKkqZqYK6K7hxWcVeoFOGTJppQzOZITkjlKFv4cZXceNCEbe6821MLwtt/SHw5T/nkJzfjwXXYNvfVmZpeWV1Lbue29jc2t7J7+41dJQoyuo0EpFq+UQzwSWrAwfBWrFiJPQFa/qD63G9+cCU5pG8h2HMOiHpSR5wSsBYXr5852lcdCHCBlzBAig5+AQr47qK9/pwfIqL06sQ2PHyBbtsT4QXwZlBAc1U8/JfbjeiScgkUEG0bjt2DJ2UKOBUsFHOTTSLCR2QHmsblCRkupNO9hrhI+N0cRApcyTgift7IiWh1sPQN50hgb6er43N/2rtBILLTsplnACTdPpQkAhsYhiHhLtcMQpiaIBQxc1fMe0TRSiYKHMmBGd+5UVoVMrOWblye16oXs3iyKIDdIhKyEEXqIpuUA3VEUWP6Bm9ojfryXqx3q2PaWvGms3soz+yPn8ACTWcrA==</latexit>

Rederive the matching conditions

A single linear equation = very fast

rs =
�s +

D�2
2

�
⌫s + Is + 4

D↵sR2
s

�
RD�2

s

(D � 2)
�
bs � 4

DasRD
s

�
<latexit sha1_base64="azbmVD+9yCHmwCEWRB8bio1HoEc="></latexit>
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Multi-fields
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Shooting method impractical


- highly non-linear


- multi-dimensional field space

'i(0) = '0i
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 CosmoTransitions

 AnyBubble

Wainwright ’11

Masoumi, Olum, Shlaer ’16

bounce and path deformation separate, 
oscillations, Runge-Kutta PDE solver

multiple shooting, damping approximations

 Other recent approaches

tunnelling potential

machine learning

Espinosa, Konstandin ’18

Piscopo, Spannowsky,  Waite ’19
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Polygonal approach with many fields

 Initial ansatz straight line, via saddle, 
custom segmentation

 Initial solution longitudinal single field PB



Crucial idea #2
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⌘

<latexit sha1_base64="x+0Qhps2uGFr/6E8ijQCplmuFSg="></latexit>

 linear system for      (as in the 

single field expansion) and 

 iterate until
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D = 4

Case A

Action

Number of Iterations: 3

Multi-Field PBN=15 : 101.726
Multi-Field PBN=100: 100.996
Shooting: 100.939
CosmoTransition: 101.267
AnyBubble: 100.375

 converges in a few iterations

 works for thin wall

 no oscillations

 works for D=3 and 4

 tested for up to 20 fields



FindBounce



Guada, MN, Pintar ’20

https://github.com/vguada/FindBounce/releases

https://github.com/vguada/FindBounce/releases


Load the package as usual

Define a metastable potential

Compute the bounce - obtain bf = the bounce function

Retrieve the 
bounce properties

Run on single points

And multifields



Custom options control the input

“Dimension”

“FieldPoints”

“Hessian”

“Gradient”

“MaxPath”

“MidFieldPoint”

“PathTolerance” & 

“ActionTolerance”

sets the Eucludiean spacetime dimension, 3 or 4

number of field points defines the segmentation

one can pre-calculate the gradient, or make it numerical

similar to the gradient, needed for multi-fields

limits the number of path iterations, typically small 

one can define a starting fixed point (e.g. the saddle)

set a goal for the precision of the path variation and the 

Euclidean action



Output is a bundled container that can be easily accessed

“Action”

“Bounce”

“Path”

“Coefficients”

“Radii”

sets the Eucludiean spacetime dimension, 3 or 4

number of field points defines the segmentation

one can pre-calculate the gradient, or make it numerical

similar to the gradient, needed for multi-fields

limits the number of path iterations, typically small 

custom function for convenient plotting



Bi-quartic

Other exact N=3 potentials, quartic-
linear, quartic-quartic

Dutta, Hector, Vaudrevange, Westphal ’11

known exact solution, ‘fair’ comparison and test for the PB method
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 CosmoTransitions

 AnyBubble

fails with the action, possible to repair by hand, 
precise from 20% to 0.5%

fails to compute

 Polygonal bounce works smoothly with a bi-homogeneous 
segmentation 
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Time demand
Scales linearly by construction

CT - CosmoTransitions

Thick: α ∈ {.6,.75}
Thin: α ∈ {.9,.99}
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Field Points

Package

Works in thin and thick regimes

Tested up to 20 fields

Wainwright ’11

Masoumi et al. ’16

Sato ’20

BP - BubbleProfiler

AB - AnyBubble

SB - SimpleBounce

Athron et al. ’19



Quantum Fluctuations
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Formally a one loop contribution, infinite and has to be regularized

Fluctuations are the prefactor

path integral(s) around the bounce

Gives the dimensional overall energy scale (from zero removal)

Needed when large logs are present to cancel the running of the bounce action
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Path integrals

PI from QM Feynman, Hibbs ’65

Dunne ’07Pedagogical notes on functional determinants

Callan, Coleman ’77QFT seminal work
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Eigenvalues describe the bubble deformation, zeroes for any symmetry, single negative



Functional determinant for radial operators

The bounce and the fluctuation operator is O(4) symmetric

Just like hydrogen, we have the hyperspherical separation

Gel’fand Yaglom theorem
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<latexit sha1_base64="no/J7OQ1rEZ/7ebCPi7HPl/WSn4=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgETyURRb0VvHisYD+gCWWz3bRLN5uwOxFi6S/x4kERr/4Ub/4bt20O2vpg4PHeDDPzwlRwja77bZXW1jc2t8rblZ3dvf2qfXDY1kmmKGvRRCSqGxLNBJeshRwF66aKkTgUrBOOb2d+55EpzRP5gHnKgpgMJY84JWikvl311ShxfDTFZYR53665dXcOZ5V4BalBgWbf/vIHCc1iJpEKonXPc1MMJkQhp4JNK36mWUromAxZz1BJYqaDyfzwqXNqlIETJcqURGeu/p6YkFjrPA5NZ0xwpJe9mfif18swug4mXKYZMkkXi6JMOObPWQrOgCtGUeSGEKq4udWhI6IIRZNVxYTgLb+8Strnde+y7t5f1Bo3RRxlOIYTOAMPrqABd9CEFlDI4Ble4c16sl6sd+tj0Vqyipkj+APr8wdofJLm</latexit>

⇢ ! 1

<latexit sha1_base64="3ESf0XpsHL+cfEZGNQpXieMNNdg=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiSiqLuCIC4r2Ac0MUymk3bo5MHMjVhCVm78FTcuFHHrN7jzb5y2WWjrgYHDOfdy5xw/EVyBZX0bpYXFpeWV8mplbX1jc8vc3mmpOJWUNWksYtnxiWKCR6wJHATrJJKR0Bes7Q8vx377nknF4+gWRglzQ9KPeMApAS155r6TKO4J7ECMp/Quc4A9QHbVynPPrFo1awI8T+yCVFGBhmd+Ob2YpiGLgAqiVNe2EnAzIoFTwfKKkyqWEDokfdbVNCIhU242iZHjQ630cBBL/SLAE/X3RkZCpUahrydDAgM1643F/7xuCsG5m/EoSYFFdHooSAXWmced4B6XjIIYaUKo5PqvmA6IJBR0cxVdgj0beZ60jmv2ac26OanWL4o6ymgPHaAjZKMzVEfXqIGaiKJH9Ixe0ZvxZLwY78bHdLRkFDu76A+Mzx+me5k4</latexit>

 l !  FV
l

<latexit sha1_base64="S9Aym8+Vf64elFsjjbxBSlLAKN8=">AAACHnicbVDLSgNBEJyNrxhfqx69DAYhIoZdMai3gBdvRjEPyMZldjKbDJl9MNMrhCVf4sVf8eJBEcGT/o2TZBGNFjQUVd10d3mx4Aos69PIzc0vLC7llwsrq2vrG+bmVkNFiaSsTiMRyZZHFBM8ZHXgIFgrlowEnmBNb3A+9pt3TCoehTcwjFknIL2Q+5wS0JJrVpyAQJ8Sga9dgR2IsI0P8Ld4iR3BfChhcZse2iPsSN7rw75rFq2yNQH+S+yMFFGGmmu+O92IJgELgQqiVNu2YuikRAKngo0KTqJYTOiA9Fhb05AETHXSyXsjvKeVLvYjqSsEPFF/TqQkUGoYeLpzfLea9cbif147Af+0k/IwToCFdLrITwTWKYyzwl0uGQUx1IRQyfWtmPaJJBR0ogUdgj378l/SOCrblbJ1dVysnmVx5NEO2kUlZKMTVEUXqIbqiKJ79Iie0YvxYDwZr8bbtDVnZDPb6BeMjy+NjaA9</latexit>

Rl ! 1 +O
�
l�1

�

In D>1 the functional determinant diverges quadratically, linearly and log

To regularize the sum, subtract the leading order divergencies…

<latexit sha1_base64="I9GIlr6Ng+u5i/P1xvs3E96UBVQ="></latexit>
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<latexit sha1_base64="Vj7dLZ15PXkJqfbXBkWi0fFqHr0=">AAACBXicbZDLSsNAFIZP6q3WW9SlLgaL4MaSiKIuhIIblxXtBdoQJtNJO3QyCTMToYRu3Pgqblwo4tZ3cOfbOG2z0NYfBj7+cw5nzh8knCntON9WYWFxaXmluFpaW9/Y3LK3dxoqTiWhdRLzWLYCrChngtY105y2EklxFHDaDAbX43rzgUrFYnGvhwn1ItwTLGQEa2P59n7njvUi7IfoCk0RHefgY98uOxVnIjQPbg5lyFXz7a9ONyZpRIUmHCvVdp1EexmWmhFOR6VOqmiCyQD3aNugwBFVXja5YoQOjdNFYSzNExpN3N8TGY6UGkaB6Yyw7qvZ2tj8r9ZOdXjhZUwkqaaCTBeFKUc6RuNIUJdJSjQfGsBEMvNXRPpYYqJNcCUTgjt78jw0TiruWcW5PS1XL/M4irAHB3AELpxDFW6gBnUg8AjP8Apv1pP1Yr1bH9PWgpXP7MIfWZ8/NG+XFA==</latexit>

⌃f = ⌃� ⌃a

…and then add them back with a renormalization procedure

Feynman diagrams = Effective action in Euclidean space-time

Zeta functions formalism

Baacke, Lavrelashvili ’04, 
…

Andreassen, Frost, Schwartz ‘17

Minakshisundaram ’46, Hawking ’76, Elizalde ’94



Analytic results

Hard - even in the thin wall
“...Even in this special case, we are not 
able to obtain a closed-form expression 

for A; we are stymied by an obdurate 
functional determinant.” 


Callan, Coleman ’77
Russians to the rescue…

Konoplich ‘87

The Standard model Frampton ’76 … ’20 a ton of papers

single unstable quartic, classically scale invariant Isidori, Ridolfi, Strumia, ’01

Andreassen, Frost, Schwartz ’17proper treatment of scale and gauge invariance

<latexit sha1_base64="IuJJwZwEv7Awg0uxi/zJc/70tAo=">AAACDnicbVC7SgNBFL3rM8bXqqXNYAjEJuxKRC2EgI1lBPOA7BpmJ7PJkNkHM7OBsOwX2PgrNhaK2Frb+TdOki008cDA4Zx7uHOPF3MmlWV9Gyura+sbm4Wt4vbO7t6+eXDYklEiCG2SiEei42FJOQtpUzHFaScWFAcep21vdDP122MqJIvCezWJqRvgQch8RrDSUs8styrOGIt4yE7RNXJ8gUnqcJ3v4yytZcjRzkOtZ5asqjUDWiZ2TkqQo9Ezv5x+RJKAhopwLGXXtmLlplgoRjjNik4iaYzJCA9oV9MQB1S66eycDJW10kd+JPQLFZqpvxMpDqScBJ6eDLAaykVvKv7ndRPlX7opC+NE0ZDMF/kJRypC025QnwlKFJ9ogolg+q+IDLGuROkGi7oEe/HkZdI6q9rnVeuuVqpf5XUU4BhOoAI2XEAdbqEBTSDwCM/wCm/Gk/FivBsf89EVI88cwR8Ynz/ItptK</latexit>
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<latexit sha1_base64="UG2PjHRrFrbml5hI+L4b9Ct4f4Y="></latexit>
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<latexit sha1_base64="JC1uqv3GtXA2NGUnMNT76toDON8=">AAACEXicbVC7TsMwFHV4lvIKMLJYVEidqqSAKANSJRbGIuhDakLkOE5r1XEi20Gqov4CC7/CwgBCrGxs/A1OmwFajmTp6Jx7r+89fsKoVJb1bSwtr6yurZc2yptb2zu75t5+R8apwKSNYxaLno8kYZSTtqKKkV4iCIp8Rrr+6Cr3uw9ESBrzOzVOiBuhAachxUhpyTOrToTUECMGbz0LXkInFAhnDegk9L4+yU6gw/SwAE08s2LVrCngIrELUgEFWp755QQxTiPCFWZIyr5tJcrNkFAUMzIpO6kkCcIjNCB9TTmKiHSz6UUTeKyVAIax0I8rOFV/d2QoknIc+boy31/Oe7n4n9dPVdhwM8qTVBGOZx+FKYMqhnk8MKCCYMXGmiAsqN4V4iHSmSgdYlmHYM+fvEg69Zp9VrNuTivNiyKOEjgER6AKbHAOmuAatEAbYPAInsEreDOejBfj3fiYlS4ZRc8B+APj8wc9yZwA</latexit>
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3�

<latexit sha1_base64="jrZMgSirOQhSU98RlGLugqfT/Ec=">AAACGXicbVDNS8MwHE3n15xfVY9egkPYEEc7FfUgDLx4nOI+YC0lzdItLE1Lkgql9N/w4r/ixYMiHvXkf2P2cdDpg4THe78fyXt+zKhUlvVlFBYWl5ZXiqultfWNzS1ze6cto0Rg0sIRi0TXR5IwyklLUcVINxYEhT4jHX90NfY790RIGvE7lcbEDdGA04BipLTkmZYTIjXEiMFbj1UcygOVVuEldAKBcMYq7Miu5lmFHdar+jqu5p5ZtmrWBPAvsWekDGZoeuaH049wEhKuMENS9mwrVm6GhKKYkbzkJJLECI/QgPQ05Sgk0s0myXJ4oJU+DCKhD1dwov7cyFAoZRr6enKcQ857Y/E/r5eo4NzNKI8TRTiePhQkDKoIjmuCfSoIVizVBGFB9V8hHiLdidJllnQJ9nzkv6Rdr9mnNevmpNy4mNVRBHtgH1SADc5AA1yDJmgBDB7AE3gBr8aj8Wy8Ge/T0YIx29kFv2B8fgNc4p3x</latexit>

Rl(1) =
l(l � 1)

(l + 2)(l + 3)



Quartic-quartic add another segment and still come through analytically MN, Guada ’20

<latexit sha1_base64="mp9GGdgo1yOfeHSyoi4fpuGsOSQ="></latexit>
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<latexit sha1_base64="Nm3Yc4mLzh6Kj35NgjxNTygINBA="></latexit>
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Two dimensionless parameters

<latexit sha1_base64="b5JEyMcDo8ryjhr6UYH7fjYfb3Y="></latexit>
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diverges  
in TW

the l zero 
disappears

<latexit sha1_base64="62RY7fn5edKfz2yFCv9kLMxKzuI=">AAACI3icbVDLSsNAFJ34rPUVdelmsAgupCTFF4JQcOOygn1AE8pkMmmHTh7OTIoh5F/c+CtuXCjFjQv/xUkbRVsPzHA45947c48TMSqkYXxoC4tLyyurpbXy+sbm1ra+s9sSYcwxaeKQhbzjIEEYDUhTUslIJ+IE+Q4jbWd4nfvtEeGChsGdTCJi+6gfUI9iJJXU0y8f4BW0PI5wOuqZmbpq2TG07mPkwuTHspia6KK84JvWsp5eMarGBHCemAWpgAKNnj623BDHPgkkZkiIrmlE0k4RlxQzkpWtWJAI4SHqk66iAfKJsNPJjhk8VIoLvZCrE0g4UX93pMgXIvEdVekjORCzXi7+53Vj6V3YKQ2iWJIATx/yYgZlCPPAoEs5wZIliiDMqforxAOkUpEq1rIKwZxdeZ60alXztGrcnlTqZ0UcJbAPDsARMME5qIMb0ABNgMEjeAav4E170l60sfY+LV3Qip498Afa5xfHRqO9</latexit>

x =
v1
v2

, y =
�1

�2

The bounce is done, let’s do the fluctuations

<latexit sha1_base64="c2PEyP9SxNxqdbBFXwR/7MyrgxA="></latexit>
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Quartic-quartic MN, Guada ’20

<latexit sha1_base64="865dwRoiO1WdebcAZQByibfyZao="></latexit>

Rl(1) =
(l � 1)(l3 + c2l2 + c1l + c0)

(l + 1)(l + 2)2(l + 3)
the l=0 zero 
disappears

<latexit sha1_base64="EQPvYnLcDh/XgE8QQNuyHJ6UzHc="></latexit>
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�
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<latexit sha1_base64="rEpKdG1RTKqTl7DPXbeLkrSsrD0="></latexit>
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<latexit sha1_base64="Q7PbTY8gFKSm9r0EZ3SKtQoSaSE=">AAACG3icbVDJSgNBEO1xjXEb9eilMUg8SJgJinoQAoJ4jGAWyEyGnk4nadKz2F0jhiH/4cVf8eJBEU+CB//GzoJo4oOCx3tVVNXzY8EVWNaXMTe/sLi0nFnJrq6tb2yaW9tVFSWSsgqNRCTrPlFM8JBVgINg9VgyEviC1fzexdCv3TGpeBTeQD9mbkA6IW9zSkBLnlms5vOeA+we0svqAJ9j6xA7twlpYSdWvPnjeEJ7juxGTeGZOatgjYBniT0hOTRB2TM/nFZEk4CFQAVRqmFbMbgpkcCpYIOskygWE9ojHdbQNCQBU246+m2A97XSwu1I6goBj9TfEykJlOoHvu4MCHTVtDcU//MaCbRP3ZSHcQIspONF7URgiPAwKNziklEQfU0IlVzfimmXSEJBx5nVIdjTL8+SarFgHxes66Nc6WwSRwbtoj10gGx0gkroCpVRBVH0gJ7QC3o1Ho1n4814H7fOGZOZHfQHxuc3k7Of5A==</latexit>

V 00
FV = 0,  FV

l = ⇢lFalse vacuum easy

General 
solution

<latexit sha1_base64="fOE1ErXzE7WK02/zY0pmLu9GLkw="></latexit>

 l1 =  l2 ,  ̇l1 =  ̇l2 + µV  l1 , µV =
�1v31 + �2v32
'̇(RT )

<latexit sha1_base64="x+5SJbdlsqj1YdycnW6mDThUieM=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUT8Oha8eKxgP6ANZbOZtGs3u2F3I5TQ/+DFgyJe/T/e/Ddu2xy09cHA470ZZuaFKWfaeN63s7K6tr6xWdoqb+/s7u1XDg5bWmaKYpNKLlUnJBo5E9g0zHDspApJEnJsh6Pbqd9+QqWZFA9mnGKQkIFgMaPEWKnVi5Ab0q9UvZo3g7tM/IJUoUCjX/nqRZJmCQpDOdG663upCXKiDKMcJ+VepjEldEQG2LVUkAR1kM+unbinVoncWCpbwrgz9fdEThKtx0loOxNihnrRm4r/ed3MxDdBzkSaGRR0vijOuGukO33djZhCavjYEkIVs7e6dEgUocYGVLYh+IsvL5PWec2/rHn3F9X6VRFHCY7hBM7Ah2uowx00oAkUHuEZXuHNkc6L8+58zFtXnGLmCP7A+fwBj0KPFA==</latexit>
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Zero removal each symmetry gives a zero = Noether MN, Guada ’20

<latexit sha1_base64="865dwRoiO1WdebcAZQByibfyZao="></latexit>

Rl(1) =
(l � 1)(l3 + c2l2 + c1l + c0)

(l + 1)(l + 2)2(l + 3)

<latexit sha1_base64="jrZMgSirOQhSU98RlGLugqfT/Ec=">AAACGXicbVDNS8MwHE3n15xfVY9egkPYEEc7FfUgDLx4nOI+YC0lzdItLE1Lkgql9N/w4r/ixYMiHvXkf2P2cdDpg4THe78fyXt+zKhUlvVlFBYWl5ZXiqultfWNzS1ze6cto0Rg0sIRi0TXR5IwyklLUcVINxYEhT4jHX90NfY790RIGvE7lcbEDdGA04BipLTkmZYTIjXEiMFbj1UcygOVVuEldAKBcMYq7Miu5lmFHdar+jqu5p5ZtmrWBPAvsWekDGZoeuaH049wEhKuMENS9mwrVm6GhKKYkbzkJJLECI/QgPQ05Sgk0s0myXJ4oJU+DCKhD1dwov7cyFAoZRr6enKcQ857Y/E/r5eo4NzNKI8TRTiePhQkDKoIjmuCfSoIVizVBGFB9V8hHiLdidJllnQJ9nzkv6Rdr9mnNevmpNy4mNVRBHtgH1SADc5AA1yDJmgBDB7AE3gBr8aj8Wy8Ge/T0YIx29kFv2B8fgNc4p3x</latexit>

Rl(1) =
l(l � 1)

(l + 2)(l + 3)

<latexit sha1_base64="h8Iw9nLgJZpf05Rm5w5BvOHEKVE="></latexit>

deg = (l + 1)2 )
(
1⇥ l = 0

4⇥ l = 1

classical scale invariance
translational invariance of          in D=4

<latexit sha1_base64="pxA7bievlr8I5aLl5c9dhPGvHYo=">AAACAHicbVDLSsNAFL3xWesr6sKFm8Ei1E1JRFF3BTcuK9gHNKFMppN26CQTZiaFErrxV9y4UMStn+HOv3HSZqGtBwYO59zDnXuChDOlHefbWlldW9/YLG2Vt3d29/btg8OWEqkktEkEF7ITYEU5i2lTM81pJ5EURwGn7WB0l/vtMZWKifhRTxLqR3gQs5ARrI3Us489Yew8jbwxlsmQVT05FOc9u+LUnBnQMnELUoECjZ795fUFSSMaa8KxUl3XSbSfYakZ4XRa9lJFE0xGeEC7hsY4osrPZgdM0ZlR+igU0rxYo5n6O5HhSKlJFJjJCOuhWvRy8T+vm+rwxs9YnKSaxmS+KEw50gLlbaA+k5RoPjEEE8nMXxEZYomJNp2VTQnu4snLpHVRc69qzsNlpX5b1FGCEziFKrhwDXW4hwY0gcAUnuEV3qwn68V6tz7moytWkTmCP7A+fwB205ZI</latexit>

'(⇢)

need to remove the l=1 zero eigenvalue, easy with explicit     
<latexit sha1_base64="2pmQVnBs0lAW8g4rlxICsBSvWXg="></latexit>
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<latexit sha1_base64="NGN6vVJ7sR+/9Iky4E/xNe5vJAI=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EUbuAjWUEEwPJEeY2e8mS3b1zd08IIX/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBXcWN//9gorq2vrG8XN0tb2zu5eef+gaZJMU9agiUh0K0LDBFesYbkVrJVqhjIS7CEa3kz9hyemDU/UvR2lLJTYVzzmFK2TWp0+Sold1S1X/Ko/A1kmQU4qkKPeLX91egnNJFOWCjSmHfipDceoLaeCTUqdzLAU6RD7rO2oQslMOJ7dOyEnTumRONGulCUz9ffEGKUxIxm5Tol2YBa9qfif185sfBWOuUozyxSdL4ozQWxCps+THteMWjFyBKnm7lZCB6iRWhdRyYUQLL68TJpn1eCi6t+dV2rXeRxFOIJjOIUALqEGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QMLVY/x</latexit>�n

more involved with Gel’fand-Yaglom, consider an off-set
<latexit sha1_base64="cMQt2c4PKUh3MmOUTrQ1d8tEA5o="></latexit>�
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<latexit sha1_base64="IsQM5RKlWi8hnVpS87wr/siTey4="></latexit>
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<latexit sha1_base64="Lazb5Z1FtkURwcRKvrd+WN0/w2M="></latexit>
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Zero removal
<latexit sha1_base64="Lazb5Z1FtkURwcRKvrd+WN0/w2M="></latexit>
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perturbative expansion
<latexit sha1_base64="0PaRcMsMt8+QwdE8WTHiqwPq0fM=">AAACLnicbVBNSwMxFMz6WetX1aOXYBEEpeyKot4EETxWsFrobpds9rUNTbJrkhVK8Rd58a/oQVARr/4M03YPtnUgMMzM4+VNlHKmjeu+OzOzc/MLi4Wl4vLK6tp6aWPzVieZolCjCU9UPSIaOJNQM8xwqKcKiIg43EXdi4F/9wBKs0TemF4KgSBtyVqMEmOlsHTpp5qFXtN/IAos5YnEvmYC7vHIwfvYF1nzMBxLHGA/Bm5IHgpLZbfiDoGniZeTMspRDUuvfpzQTIA0lBOtG56bmqBPlGGUw2PRzzSkhHZJGxqWSiJAB/3huY941yoxbiXKPmnwUP070SdC656IbFIQ09GT3kD8z2tkpnUa9JlMMwOSjha1Mo5Nggfd4ZgpoIb3LCFUMftXTDtEEWpsw0Vbgjd58jS5Pax4xxX3+qh8fpbXUUDbaAftIQ+doHN0haqohih6Qi/oA306z86b8+V8j6IzTj6zhcbg/PwCq0GoPQ==</latexit>
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<latexit sha1_base64="1pKQIdyyJ9UTRcyAP3rY91sl56c="></latexit>�
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<latexit sha1_base64="V/vvaYdX9pL1pToP9zWvus3PJ2M="></latexit>
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s⇢

(R2
s � ⇢2)2

, A11 = 1, A12 = x6y2

<latexit sha1_base64="9K1PGWLKXIoQIgwrOSG+CVNRxl0="></latexit>
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<latexit sha1_base64="kStrOnFj0PVkoc6Dsbaqr+S2YgY="></latexit>

R0
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1

µ2
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 1 + µ2
"� 1
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���
⇢=1

=
� 1
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���
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24
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24
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8⇡2
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Final product of l=1 eigenvalues with zero removed

<latexit sha1_base64="Br/IGZ1pIrGpZzut7syQhB7RAVM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtS8OKxgrGFNpTNdtIu3WzC7kYoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1PBtXHdb6e0srq2vlHerGxt7+zuVfcPHnWSKYY+S0Si2iHVKLhE33AjsJ0qpHEosBWObqd+6wmV5ol8MOMUg5gOJI84o8ZKviDXxOtVa27dnYEsE68gNSjQ7FW/uv2EZTFKwwTVuuO5qQlyqgxnAieVbqYxpWxEB9ixVNIYdZDPjp2QE6v0SZQoW9KQmfp7Iqex1uM4tJ0xNUO96E3F/7xOZqKrIOcyzQxKNl8UZYKYhEw/J32ukBkxtoQyxe2thA2poszYfCo2BG/x5WXyeFb3Luru/XmtcVPEUYYjOIZT8OASGnAHTfCBAYdneIU3RzovzrvzMW8tOcXMIfyB8/kDckONxg==</latexit>

l = 1



Finite sum MN, Guada ’20

<latexit sha1_base64="865dwRoiO1WdebcAZQByibfyZao="></latexit>

Rl(1) =
(l � 1)(l3 + c2l2 + c1l + c0)

(l + 1)(l + 2)2(l + 3)

Expand up to      ,                   enough to remove all the infinities

<latexit sha1_base64="NDBVNrcUa2av95lun+r5WW9Ui/I="></latexit>

⌃f =
1X

⌫=1

⌫2 (lnRl(1)� lnRa
l (1))

Four l=1 zeroes and negative l=0
<latexit sha1_base64="4PA6osTzxBYKmmWKdMO2y6wChNM=">AAACFXicbVDLSgMxFM3UV62vUZdugkWooCVTFBUUCm5cVrEP6JQhk2ba0ExmSDJCGeYn3Pgrblwo4lZw59+YPhbaeiBwOOdebs7xY86URujbyi0sLi2v5FcLa+sbm1v29k5DRYkktE4iHsmWjxXlTNC6ZprTViwpDn1Om/7geuQ3H6hULBL3ehjTToh7ggWMYG0kzz5yQ6z7BPP0LvNQyWUi0MNDeAWPoRtITFLioSx1Khm8hMizi6iMxoDzxJmSIpii5tlfbjciSUiFJhwr1XZQrDsplpoRTrOCmygaYzLAPdo2VOCQqk46TpXBA6N0YRBJ84SGY/X3RopDpYahbyZHGdSsNxL/89qJDs47KRNxoqkgk0NBwqGO4Kgi2GWSEs2HhmAimfkrJH1sytCmyIIpwZmNPE8albJzWka3J8XqxbSOPNgD+6AEHHAGquAG1EAdEPAInsEreLOerBfr3fqYjOas6c4u+APr8wdVapz3</latexit>

R0(1) = � c0
12

< 0

<latexit sha1_base64="qdFgHYmNEsWKJYx8yB1GYnnUThM="></latexit>

⌃f =
nX

i=1

✓
a3i
3
�E � ai

12

�
1 + 3ai � 6a2i

�
� ⇣ 0R (�2, 3� ai)� 2ai⇣

0
R (�1, 3� ai)

� a2i ⇣
0
R (0, 3� ai)� (a ! b)

◆
+ lnR0(1) + 4 lnR0

1(1) .

<latexit sha1_base64="rylqsoRJPmlrK4SIa/jQGKVenoQ="></latexit>

Rl(1) =
nY

i=1

l + 1� ai
l + 1� bi

It can be computed in some generality, let

zeroes  
 of the  
  numerator

<latexit sha1_base64="Bx1q8c3VIgB+ke/9QSYMSdrMs8k=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiinoQCl48VrAfkIay2W7bpZtN2J0IJfRnePGgiFd/jTf/jds2B219MPB4b4aZeWEihUHX/XYKK6tr6xvFzdLW9s7uXnn/oGniVDPeYLGMdTukhkuheAMFSt5ONKdRKHkrHN1N/dYT10bE6hHHCQ8iOlCiLxhFK/kdlZJbIskZ8brlilt1ZyDLxMtJBXLUu+WvTi9macQVMkmN8T03wSCjGgWTfFLqpIYnlI3ogPuWKhpxE2SzkyfkxCo90o+1LYVkpv6eyGhkzDgKbWdEcWgWvan4n+en2L8OMqGSFLli80X9VBKMyfR/0hOaM5RjSyjTwt5K2JBqytCmVLIheIsvL5PmedW7rLoPF5XaTR5HEY7gGE7BgyuowT3UoQEMYniGV3hz0Hlx3p2PeWvByWcO4Q+czx/iJY+n</latexit>

⌫ = l + 1

now the sum is finite

<latexit sha1_base64="383JvZGOr4gqMI/ceYUsrwmRI20=">AAAB73icbVDJSgNBEK2JW4xb1KOXxiB4Mcy4oN4CXjxGMAskY+jp9CRNenrG7hohDPkJLx4U8ervePNv7CwHTXxQ8Hiviqp6QSKFQdf9dnJLyyura/n1wsbm1vZOcXevbuJUM15jsYx1M6CGS6F4DQVK3kw0p1EgeSMY3Iz9xhPXRsTqHocJ9yPaUyIUjKKVmm2VPmQnZ6NOseSW3QnIIvFmpAQzVDvFr3Y3ZmnEFTJJjWl5boJ+RjUKJvmo0E4NTygb0B5vWapoxI2fTe4dkSOrdEkYa1sKyUT9PZHRyJhhFNjOiGLfzHtj8T+vlWJ45WdCJSlyxaaLwlQSjMn4edIVmjOUQ0so08LeSlifasrQRlSwIXjzLy+S+mnZuyi7d+elyvUsjjwcwCEcgweXUIFbqEINGEh4hld4cx6dF+fd+Zi25pzZzD78gfP5A7fSj7o=</latexit>

⌫�3



Renormalization MN, Guada ’20

Re γ

Im γ

eiθ

eiπ

e-iπ ... γn

via the zeta function
<latexit sha1_base64="47bBvWW1F/5A3XUtxh4AotSzYyY="></latexit>

ln detO =
X

n

ln �n =�
d

ds

X

n

✓
µ2

�n

◆s���
s=0

= �
d

ds

�
µ2s ⇣O(s)

����
s=0

use the contour integral over a complex path to cover all the eigenvalues

<latexit sha1_base64="7mzOrZFhEwjD0dF5xFi+O1JDgx4="></latexit>

⇣O =
X

n

1

�sn
=

1

2⇡i

I
d�

�s
d

d�
ln (1, �) Cauchy

The sum above converges for s>D/2, however to get to s=0 we split the

<latexit sha1_base64="uVtlXSh2l4blVIoTxAja7bzhMB0="></latexit>

⇣O =
sin⇡s

⇡

Z
1

0

d�

�s
d

d�
ln (1,��)

path and deform upper and lower branch



False vacuum expansion MN, Guada ’20
<latexit sha1_base64="4oTuuRVsV5A+SSthxQpAdJmX+zI="></latexit>

⇣ =
sin⇡s

⇡
µ2s

X

⌫

⌫2
Z 1

0

d�

�s
d

d�
ln

✓
 l(1,��)
 FV
l (1,��)

◆

<latexit sha1_base64="srDZ8GIwto5u9ucBhFKCYQFq2sU=">AAACK3icbVDLSgMxFM3UV62vUZdugkWoUMqMKOpCKLpxZwX7gE4Z7qRpG5rMDElGKKX/48ZfcaELH7j1P0zbWdjWA4HDOfdyc04Qc6a043xamaXlldW17HpuY3Nre8fe3aupKJGEVknEI9kIQFHOQlrVTHPaiCUFEXBaD/o3Y7/+SKViUfigBzFtCeiGrMMIaCP59rUnQPcIcHznc+zFivm84MleVMReF4SAY3yVMq+Y+nh2wLfzTsmZAC8SNyV5lKLi269eOyKJoKEmHJRquk6sW0OQmhFORzkvUTQG0ocubRoagqCqNZxkHeEjo7RxJ5LmhRpP1L8bQxBKDURgJsfJ1Lw3Fv/zmonuXLSGLIwTTUMyPdRJONYRHheH20xSovnAECCSmb9i0gMJRJt6c6YEdz7yIqmdlNyzknN/mi9fpnVk0QE6RAXkonNURreogqqIoCf0gt7Rh/VsvVlf1vd0NGOlO/toBtbPL+cVpZY=</latexit>

Ol l(⇢, �) = �  l(⇢, �)

  comes  
from

easy for FV
<latexit sha1_base64="d+GykRNQWhTb25k2Enc7IP4ixbA="></latexit>

 FV
l (⇢,��) = I⌫ (

p
�⇢) /⇢

perturbative expansion around FV
<latexit sha1_base64="frhxvNT186FqWT3FGt+AA6HyX40="></latexit>

 l(⇢,��) ' fl (�)  
FV
l (⇢,��)

<latexit sha1_base64="imgiFxmsmCgms/j+XkPn8wIrPNI="></latexit>

 l(⇢,��) =  FV
l (⇢,��) +

Z ⇢

0
d⇢1G(⇢, ⇢1)V

00(⇢1) l(⇢1,��)

<latexit sha1_base64="224KW5ezjRo5K0BzeJaGzh7dfjE="></latexit>

G(⇢, ⇢1) =
⇢21
⇢

(I⌫(
p
�⇢)K⌫(

p
�⇢1)� I⌫(

p
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p
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Asymptotic behaviour

we’re looking for the high-l expansion around the FV <latexit sha1_base64="Wb5gW9bXFjjDSELmAihgcPHCknY=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUW8FLx4r2A9oQtlsN+3S3U3Y3RRC6D/x4kERr/4Tb/4bt20OWn0w8Hhvhpl5UcqZNp735VTW1jc2t6rbtZ3dvf0D9/Coo5NMEdomCU9UL8KaciZp2zDDaS9VFIuI0240uZv73SlVmiXy0eQpDQUeSRYzgo2VBq4bqHGCAs0ECpiMTT5w617DWwD9JX5J6lCiNXA/g2FCMkGlIRxr3fe91IQFVoYRTme1INM0xWSCR7RvqcSC6rBYXD5DZ1YZojhRtqRBC/XnRIGF1rmIbKfAZqxXvbn4n9fPTHwTFkymmaGSLBfFGUcmQfMY0JApSgzPLcFEMXsrImOsMDE2rJoNwV99+S/pXDT8q4b3cFlv3pZxVOEETuEcfLiGJtxDC9pAYApP8AKvTuE8O2/O+7K14pQzx/ALzsc3LgiTVg==</latexit>⇢ ⇠ 1

<latexit sha1_base64="i8X+XR7NzbIuYJL/c47GImbndeA="></latexit>
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V
00
s (⇢)H ((�1)s(⇢�RT ))� µV �(⇢�RT )

<latexit sha1_base64="EclMT6CJNAvUwcaLErDWIyiIY9k="></latexit>
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00
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evaluating the FV expansion up to              , we have
<latexit sha1_base64="R8NzbqNQOWm4oi3ch3OoPEr6uRc=">AAACFHicbVDLSgMxFM34tr5GXboJFqEilBkfqDvBjTsVbBU6Y8mkd9rQzIPkjlCGfoQbf8WNC0XcunDn35ips1DrgZDDOfeSnBOkUmh0nE9rYnJqemZ2br6ysLi0vGKvrjV1kikODZ7IRN0ETIMUMTRQoISbVAGLAgnXQf+08K/vQGmRxFc4SMGPWDcWoeAMjdS2d7yIYY8zSc89CSHWmre5lyoRAS2vvSH1lOj2cLttV526MwIdJ25JqqTERdv+8DoJzyKIkUumdct1UvRzplBwCcOKl2lIGe+zLrQMjVkE2s9HoYZ0yygdGibKnBjpSP25kbNI60EUmMkigv7rFeJ/XivD8MjPRZxmCDH/fijMJMWEFg3RjlDAUQ4MYVwJ81fKe0wxjqbHiinB/Rt5nDR36+5B3bncr54cl3XMkQ2ySWrEJYfkhJyRC9IgnNyTR/JMXqwH68l6td6+Ryescmed/IL1/gXJVJ38</latexit>

O
�
V 003�

New! Includes the delta function

very non-trivial cross-check
<latexit sha1_base64="PXMCSaxopnxhnMASxE0tiCUyEeY=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHaTUlEURdCwY3LKvYBTQyT6aQdOpmEmYkQQvdu/BU3LhRx6w+482+ctFlo64ELh3Pu5d57/JhRqSzr21haXlldWy9tlDe3tnd2zb39jowSgUkbRywSPR9JwignbUUVI71YEBT6jHT98VXudx+IkDTidyqNiRuiIacBxUhpyTMrgcfuEaxZdXgJnRCpEUYM3uZizaE8UGndM6tWw5oCLhK7IFVQoOWZX84gwklIuMIMSdm3rVi5GRKKYkYmZSeRJEZ4jIakrylHIZFuNv1lAo+0MoBBJHRxBafq74kMhVKmoa8782vlvJeL/3n9RAXnbkZ5nCjC8WxRkDCoIpgHAwdUEKxYqgnCgupbIR4hgbDS8ZV1CPb8y4ukc9ywTxvWzUm1eVHEUQKHoAJqwAZnoAmuQQu0AQaP4Bm8gjfjyXgx3o2PWeuSUcwcgD8wPn8A7F6ZEQ==</latexit>

fa
l (0) = Ra

l (1)

<latexit sha1_base64="yVgkrda/6D/W150FXtKAINV52Aw=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovQbkoiiroQCm5cVrEPaEKYTCft0MkkzEyEELpy46+4caGIW7/BnX/jpM1CWw9cOJxzL/fe48eMSmVZ30ZpaXllda28XtnY3NreMXf3OjJKBCZtHLFI9HwkCaOctBVVjPRiQVDoM9L1x9e5330gQtKI36s0Jm6IhpwGFCOlJc88DDxWs+rwCjohUiOMGLzTikN5oNK6Z1athjUFXCR2QaqgQMszv5xBhJOQcIUZkrJvW7FyMyQUxYxMKk4iSYzwGA1JX1OOQiLdbPrGBB5rZQCDSOjiCk7V3xMZCqVMQ1935rfKeS8X//P6iQou3IzyOFGE49miIGFQRTDPBA6oIFixVBOEBdW3QjxCAmGlk6voEOz5lxdJ56RhnzWs29Nq87KIowwOwBGoARucgya4AS3QBhg8gmfwCt6MJ+PFeDc+Zq0lo5jZB39gfP4AjdCXQQ==</latexit>

fl(0) = Rl(1)and by definition above

<latexit sha1_base64="pSnQ8pT60pmJU8G7K9Kh+dXa8eA="></latexit>

�⇣ 0f (0) =
X

⌫

⌫2 ln
Rl(1)

fa
l (0)

= ⌃f

known Dunne, Min ’05

MN, Guada ’20



New! Includes the delta function

Renormalization MN, Guada ’20

the integrals in          can now be done with
<latexit sha1_base64="MiKsUdBN+OAE51XJFgdSXHXThy4=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKot4KXjxWsB/SriWbZtvQJLskWaEs/RVePCji1Z/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8LK6tr6RnGztLW9s7tX3j9omjjVlDVoLGLdDolhgivWsNwK1k40IzIUrBWObqZ+64lpw2N1b8cJCyQZKB5xSqyTHrpC4agnHkmvXPGq3gx4mfg5qUCOeq/81e3HNJVMWSqIMR3fS2yQEW05FWxS6qaGJYSOyIB1HFVEMhNks4Mn+MQpfRzF2pWyeKb+nsiINGYsQ9cpiR2aRW8q/ud1UhtdBRlXSWqZovNFUSqwjfH0e9znmlErxo4Qqrm7FdMh0YRal1HJheAvvrxMmmdV/6Lq3Z1Xatd5HEU4gmM4BR8uoQa3UIcGUJDwDK/whjR6Qe/oY95aQPnMIfwB+vwBWbOQFQ==</latexit>

ln fa
l
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and finally, we get the log and RT pieces

all the integrals analytic, Mathematica notebook in supplementary

Backup slides on Gamma regulation

known Dunne, Min ’05



MN, Guada ’20
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<latexit sha1_base64="PTjI+q+wzg4PwJotek5enqzTIpo="></latexit>
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Outlook
False vacuum decay

include curvature: polygonal vs. Coleman - de Luccia

universal prefactor from extended polygonal - wip

multifield prefactor

Phenomenological applications

gravitational waves in physical settings

wall velocity @ NLO

baryogenesis - transport equations



Extras



Dunne ’09

Renormalization via zeta assigning infinities in QFT

Feynman diagrams

Analytical continuation of zeta

any QFT book

<latexit sha1_base64="AAKsDE2VtppPGkCgaPKb6iZUtjc="></latexit>

⇣R(s) =
1X

n=1

1
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<latexit sha1_base64="kVO5x/vwJbl544wQCyFuQtR4ejM="></latexit>

�(s) :=

Z 1

0
dt ts�1e�t

<latexit sha1_base64="yyzBhqdtrnNN2qExRRNvINBBalM="></latexit>
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Z 1

0
dt ts�1

1X
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e�nt =
1
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Z 1

0
dt ts�1 1

et � 1

=
1

�(s)

Z 1

0
dt ts�1 e�t/2

2 sinh(t/2)

<latexit sha1_base64="HsoHeZpIKG+p8Er81g0qEGYQhZg=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBDiJeyKol4k4MVjFPOAZAmzk95kyOzsOjMrhCU/4cWDIl79HW/+jZPHQRMLGoqqbrq7gkRwbVz321laXlldW89t5De3tnd2C3v7dR2nimGNxSJWzYBqFFxizXAjsJkopFEgsBEMbsZ+4wmV5rF8MMME/Yj2JA85o8ZKzfY9lvTJtdcpFN2yOwFZJN6MFGGGaqfw1e7GLI1QGiao1i3PTYyfUWU4EzjKt1ONCWUD2sOWpZJGqP1scu+IHFulS8JY2ZKGTNTfExmNtB5Gge2MqOnreW8s/ue1UhNe+hmXSWpQsumiMBXExGT8POlyhcyIoSWUKW5vJaxPFWXGRpS3IXjzLy+S+mnZOy+7d2fFytUsjhwcwhGUwIMLqMAtVKEGDAQ8wyu8OY/Oi/PufExbl5zZzAH8gfP5A6yijws=</latexit>

<(s) > 1

<latexit sha1_base64="njhJDGU5xK24oPmR1b5HkJoI5cE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ8OIxonlAsoTZyWwyZHZ2mekVwpJP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9KBuvF654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezUyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF77mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTplGwI3uLLy6R5VvUuqu79eaV2mcdRhCM4hlPw4ApqcAd1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx/GcY1s</latexit>

n = 1
<latexit sha1_base64="FR51T2fRdZ3fgro7qbEuA2io34c=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6yIEvHiMaB6QLGF2MpsMmZ1dZnqFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrRxwn3I/oQIlQMIpWelA31V6p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezUyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF77mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTpFG0I3uLLy6RZrXgXFff+vFy7zOMowDGcwBl4cAU1uIM6NIDBAJ7hFd4c6bw4787HvHXFyWeO4A+czx/H9Y1t</latexit>

n = 2

<latexit sha1_base64="vN8JvaYamwv6gkWwz+oKTYF2STo="></latexit>Z
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Dunne ’09Analytical continuation of zeta

<latexit sha1_base64="yyzBhqdtrnNN2qExRRNvINBBalM="></latexit>

⇣R(s) =
1
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0
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2 sinh(t/2)

<latexit sha1_base64="HsoHeZpIKG+p8Er81g0qEGYQhZg=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBDiJeyKol4k4MVjFPOAZAmzk95kyOzsOjMrhCU/4cWDIl79HW/+jZPHQRMLGoqqbrq7gkRwbVz321laXlldW89t5De3tnd2C3v7dR2nimGNxSJWzYBqFFxizXAjsJkopFEgsBEMbsZ+4wmV5rF8MMME/Yj2JA85o8ZKzfY9lvTJtdcpFN2yOwFZJN6MFGGGaqfw1e7GLI1QGiao1i3PTYyfUWU4EzjKt1ONCWUD2sOWpZJGqP1scu+IHFulS8JY2ZKGTNTfExmNtB5Gge2MqOnreW8s/ue1UhNe+hmXSWpQsumiMBXExGT8POlyhcyIoSWUKW5vJaxPFWXGRpS3IXjzLy+S+mnZOy+7d2fFytUsjhwcwhGUwIMLqMAtVKEGDAQ8wyu8OY/Oi/PufExbl5zZzAH8gfP5A6yijws=</latexit>

<(s) > 1

<latexit sha1_base64="62frDihr4iVQ7FbVaBz/bnz0O3Q=">AAACC3icbVDLSsNAFJ3UV62vqEs3oUWoC0tSFHUhFNy4rGIf0IQymU7aoTNJmJkIdcjejb/ixoUibv0Bd/6NkzYLbT1w4XDOvdx7jx9TIqRtfxuFpeWV1bXiemljc2t7x9zda4so4Qi3UEQj3vWhwJSEuCWJpLgbcwyZT3HHH19lfucec0Gi8E5OYuwxOAxJQBCUWuqbZfcBS9hXLoNyxJm6TdOqfXR57AYcIuWkqp72zYpds6ewFomTkwrI0eybX+4gQgnDoUQUCtFz7Fh6CnJJEMVpyU0EjiEawyHuaRpChoWnpr+k1qFWBlYQcV2htKbq7wkFmRAT5uvO7GQx72Xif14vkcG5p0gYJxKHaLYoSKglIysLxhoQjpGkE00g4kTfaqER1ClIHV9Jh+DMv7xI2vWac1qzb04qjYs8jiI4AGVQBQ44Aw1wDZqgBRB4BM/gFbwZT8aL8W58zFoLRj6zD/7A+PwBrxaaxg==</latexit>

⇣R(0) = �1

2

<latexit sha1_base64="pLeTBey6E4gwL7qzS0SOqdScuzs="></latexit>

⇣ 0R(0) = �1

2
ln(2⇡)

<latexit sha1_base64="H+372sbli0q2MM1pgrodephqtUw=">AAAB7nicbVDLSsNAFL2pr1pfUZduBovgqiSiqLuCG5cV7APaUCbTSTt0MgkzN0IJ/Qg3LhRx6/e482+ctllo64GBwzn3MvecMJXCoOd9O6W19Y3NrfJ2ZWd3b//APTxqmSTTjDdZIhPdCanhUijeRIGSd1LNaRxK3g7HdzO//cS1EYl6xEnKg5gOlYgEo2iltiE9TIjXd6tezZuDrBK/IFUo0Oi7X71BwrKYK2SSGtP1vRSDnGoUTPJppZcZnlI2pkPetVTRmJsgn587JWdWGZAo0fYpJHP190ZOY2MmcWgnY4ojs+zNxP+8bobRTZALlWbIFVt8FGWS2Iiz7GQgNGcoJ5ZQpoW9lbAR1ZShbahiS/CXI6+S1kXNv6p5D5fV+m1RRxlO4BTOwYdrqMM9NKAJDMbwDK/w5qTOi/PufCxGS06xcwx/4Hz+AE9Mjt0=</latexit>

s ! 0

Remove the divergent  
  piece(s)

<latexit sha1_base64="ZbSEUU1oIDuU1Eg+4C5oK8wr9nw="></latexit>
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<latexit sha1_base64="oiAjbAlQ/OYB4mhqbkJ6rhwUSvw=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUW9FLx4r2A9pQtlsN+nS3U3Y3Qgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5YcqZNq777ZRWVtfWN8qbla3tnd296v5BWyeZIrRFEp6obog15UzSlmGG026qKBYhp51wdDv1O09UaZbIBzNOaSBwLFnECDZWevRvWBwr5E/61Zpbd2dAy8QrSA0KNPvVL3+QkExQaQjHWvc8NzVBjpVhhNNJxc80TTEZ4Zj2LJVYUB3ks4Mn6MQqAxQlypY0aKb+nsix0HosQtspsBnqRW8q/uf1MhNdBTmTaWaoJPNFUcaRSdD0ezRgihLDx5Zgopi9FZEhVpgYm1HFhuAtvrxM2md176Lu3p/XGtdFHGU4gmM4BQ8uoQF30IQWEBDwDK/w5ijnxXl3PuatJaeYOYQ/cD5/AFBdkA8=</latexit>

)

<latexit sha1_base64="bbTDyZRNPkp1jILjSBALCEo3jfE=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIot4KXjxWMG2hDWWz3bRLN5uw+yKU0N/gxYMiXv1B3vw3btsctHVgYZh5j30zYSqFQdf9dkpr6xubW+Xtys7u3v5B9fCoZZJMM+6zRCa6E1LDpVDcR4GSd1LNaRxK3g7HdzO//cS1EYl6xEnKg5gOlYgEo2glv4cJcfvVmlt35yCrxCtIDQo0+9Wv3iBhWcwVMkmN6XpuikFONQom+bTSywxPKRvTIe9aqmjMTZDPj52SM6sMSJRo+xSSufp7I6exMZM4tJMxxZFZ9mbif143w+gmyIVKM+SKLT6KMklsxFlyMhCaM5QTSyjTwt5K2IhqytD2U7EleMuRV0nrou5d1d2Hy1rjtqijDCdwCufgwTU04B6a4AMDAc/wCm+Ocl6cd+djMVpyip1j+APn8wcjRY42</latexit>

! 0

Mathematica



Disappearing instanton
Intermediate minima, multi-step transitions
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appear in theories with many fields, relaxion-type potentials

Q: which transition wins, direct tunneling or two subsequent transitions?

Direct tunneling impossible when 
intermediate minimum too lowbubble with two walls

Dahlen, Brown ’11



 b)

v1, b1, a1
<latexit sha1_base64="XZCbT6+eE/cqx7iXzeGsUX7SCew="></latexit><latexit sha1_base64="XZCbT6+eE/cqx7iXzeGsUX7SCew="></latexit><latexit sha1_base64="XZCbT6+eE/cqx7iXzeGsUX7SCew="></latexit><latexit sha1_base64="XZCbT6+eE/cqx7iXzeGsUX7SCew="></latexit>

v2, b2, a2
<latexit sha1_base64="3DkVwIGbbR7D3BqjBuXYe5OduWk="></latexit><latexit sha1_base64="3DkVwIGbbR7D3BqjBuXYe5OduWk="></latexit><latexit sha1_base64="3DkVwIGbbR7D3BqjBuXYe5OduWk="></latexit><latexit sha1_base64="3DkVwIGbbR7D3BqjBuXYe5OduWk="></latexit>

vN�1, bN�1, aN�1
<latexit sha1_base64="jkpAW6X/aH3jr9wcc2aNAhHo8RI="></latexit><latexit sha1_base64="jkpAW6X/aH3jr9wcc2aNAhHo8RI="></latexit><latexit sha1_base64="jkpAW6X/aH3jr9wcc2aNAhHo8RI="></latexit><latexit sha1_base64="jkpAW6X/aH3jr9wcc2aNAhHo8RI="></latexit>

highly non-linear

'0 = '̃1
<latexit sha1_base64="e1qEx8IpevEgfglgwZl+zpyIHbs="></latexit><latexit sha1_base64="e1qEx8IpevEgfglgwZl+zpyIHbs="></latexit><latexit sha1_base64="e1qEx8IpevEgfglgwZl+zpyIHbs="></latexit><latexit sha1_base64="e1qEx8IpevEgfglgwZl+zpyIHbs="></latexit>

R0
<latexit sha1_base64="XZHpN0BTPJw6Gkyud4OnvzWku/k=">AAACRnicbZDLSgMxGIX/qbdab60u3QwWwUUZMiLV7gpuXNZLbaEtJZPJTEMzF5KMUIZ5BLf6TD6CT+FK3JpOB9HWHwKH852QP8eJOZMKoXejtLa+sblV3q7s7O7tH1Rrh48ySgShXRLxSPQdLClnIe0qpjjtx4LiwOG050yv57z3RIVkUfigZjEdBdgPmccIVtq6vxujcbWOLJSPuSrsQtShmM64ZlhDNyJJQENFOJZyYKNYjVIsFCOcZpVhImmMyRT7dKBliAMqR2m+a2aeasc1vUjoEyozd3/fSHEg5SxwdDLAaiKX2dz8jw0S5V2NUhbGiaIhWTzkJdxUkTn/uOkyQYniMy0wEUzvapIJFpgoXU9l6FJPV5ivk7oiS4XvZKnVbDZQA2VL2C8wauSBZez84DyQ6Ybt5T5XRffcaln27UW93SqqLsMxnMAZ2HAJbbiBDnSBgA/P8AKvxpvxYXwaX4toySjuHMGfKcE368yvAA==</latexit><latexit sha1_base64="XZHpN0BTPJw6Gkyud4OnvzWku/k=">AAACRnicbZDLSgMxGIX/qbdab60u3QwWwUUZMiLV7gpuXNZLbaEtJZPJTEMzF5KMUIZ5BLf6TD6CT+FK3JpOB9HWHwKH852QP8eJOZMKoXejtLa+sblV3q7s7O7tH1Rrh48ySgShXRLxSPQdLClnIe0qpjjtx4LiwOG050yv57z3RIVkUfigZjEdBdgPmccIVtq6vxujcbWOLJSPuSrsQtShmM64ZlhDNyJJQENFOJZyYKNYjVIsFCOcZpVhImmMyRT7dKBliAMqR2m+a2aeasc1vUjoEyozd3/fSHEg5SxwdDLAaiKX2dz8jw0S5V2NUhbGiaIhWTzkJdxUkTn/uOkyQYniMy0wEUzvapIJFpgoXU9l6FJPV5ivk7oiS4XvZKnVbDZQA2VL2C8wauSBZez84DyQ6Ybt5T5XRffcaln27UW93SqqLsMxnMAZ2HAJbbiBDnSBgA/P8AKvxpvxYXwaX4toySjuHMGfKcE368yvAA==</latexit><latexit sha1_base64="XZHpN0BTPJw6Gkyud4OnvzWku/k=">AAACRnicbZDLSgMxGIX/qbdab60u3QwWwUUZMiLV7gpuXNZLbaEtJZPJTEMzF5KMUIZ5BLf6TD6CT+FK3JpOB9HWHwKH852QP8eJOZMKoXejtLa+sblV3q7s7O7tH1Rrh48ySgShXRLxSPQdLClnIe0qpjjtx4LiwOG050yv57z3RIVkUfigZjEdBdgPmccIVtq6vxujcbWOLJSPuSrsQtShmM64ZlhDNyJJQENFOJZyYKNYjVIsFCOcZpVhImmMyRT7dKBliAMqR2m+a2aeasc1vUjoEyozd3/fSHEg5SxwdDLAaiKX2dz8jw0S5V2NUhbGiaIhWTzkJdxUkTn/uOkyQYniMy0wEUzvapIJFpgoXU9l6FJPV5ivk7oiS4XvZKnVbDZQA2VL2C8wauSBZez84DyQ6Ybt5T5XRffcaln27UW93SqqLsMxnMAZ2HAJbbiBDnSBgA/P8AKvxpvxYXwaX4toySjuHMGfKcE368yvAA==</latexit><latexit sha1_base64="XZHpN0BTPJw6Gkyud4OnvzWku/k=">AAACRnicbZDLSgMxGIX/qbdab60u3QwWwUUZMiLV7gpuXNZLbaEtJZPJTEMzF5KMUIZ5BLf6TD6CT+FK3JpOB9HWHwKH852QP8eJOZMKoXejtLa+sblV3q7s7O7tH1Rrh48ySgShXRLxSPQdLClnIe0qpjjtx4LiwOG050yv57z3RIVkUfigZjEdBdgPmccIVtq6vxujcbWOLJSPuSrsQtShmM64ZlhDNyJJQENFOJZyYKNYjVIsFCOcZpVhImmMyRT7dKBliAMqR2m+a2aeasc1vUjoEyozd3/fSHEg5SxwdDLAaiKX2dz8jw0S5V2NUhbGiaIhWTzkJdxUkTn/uOkyQYniMy0wEUzvapIJFpgoXU9l6FJPV5ivk7oiS4XvZKnVbDZQA2VL2C8wauSBZez84DyQ6Ybt5T5XRffcaln27UW93SqqLsMxnMAZ2HAJbbiBDnSBgA/P8AKvxpvxYXwaX4toySjuHMGfKcE368yvAA==</latexit>

R1<latexit sha1_base64="aoXexCFGCCQr2c0VFSwYOCOHzPE=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlLtruDGZb3EFtpSJpNJOnRyYWYilJBHcKvP5CP4FK7ErdM0iKb+MHA43xnmn+PEjAppmu9aZW19Y3Orul3b2d3bP6g3Dh9FlHBMbByxiA8cJAijIbEllYwMYk5Q4DDSd2bXC95/IlzQKHyQ85iMA+SH1KMYSWXd302sSb1pGmY++qqwCtGEYnqThmaM3AgnAQklZkiIoWXGcpwiLilmJKuNEkFihGfIJ0MlQxQQMU7zXTP9VDmu7kVcnVDqufv7RooCIeaBo5IBklNRZgvzPzZMpHc1TmkYJ5KEePmQlzBdRvri47pLOcGSzZVAmFO1q46niCMsVT21kUs8VWG+TuryLOW+k6VGu90yW2ZWwn6BzVYeKGPnB+eBTDVslftcFfa50TGs24tmt1NUXYVjOIEzsOASunADPbABgw/P8AKv2pv2oX1qX8toRSvuHMGfqcA37ayvAQ==</latexit><latexit sha1_base64="aoXexCFGCCQr2c0VFSwYOCOHzPE=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlLtruDGZb3EFtpSJpNJOnRyYWYilJBHcKvP5CP4FK7ErdM0iKb+MHA43xnmn+PEjAppmu9aZW19Y3Orul3b2d3bP6g3Dh9FlHBMbByxiA8cJAijIbEllYwMYk5Q4DDSd2bXC95/IlzQKHyQ85iMA+SH1KMYSWXd302sSb1pGmY++qqwCtGEYnqThmaM3AgnAQklZkiIoWXGcpwiLilmJKuNEkFihGfIJ0MlQxQQMU7zXTP9VDmu7kVcnVDqufv7RooCIeaBo5IBklNRZgvzPzZMpHc1TmkYJ5KEePmQlzBdRvri47pLOcGSzZVAmFO1q46niCMsVT21kUs8VWG+TuryLOW+k6VGu90yW2ZWwn6BzVYeKGPnB+eBTDVslftcFfa50TGs24tmt1NUXYVjOIEzsOASunADPbABgw/P8AKv2pv2oX1qX8toRSvuHMGfqcA37ayvAQ==</latexit><latexit sha1_base64="aoXexCFGCCQr2c0VFSwYOCOHzPE=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlLtruDGZb3EFtpSJpNJOnRyYWYilJBHcKvP5CP4FK7ErdM0iKb+MHA43xnmn+PEjAppmu9aZW19Y3Orul3b2d3bP6g3Dh9FlHBMbByxiA8cJAijIbEllYwMYk5Q4DDSd2bXC95/IlzQKHyQ85iMA+SH1KMYSWXd302sSb1pGmY++qqwCtGEYnqThmaM3AgnAQklZkiIoWXGcpwiLilmJKuNEkFihGfIJ0MlQxQQMU7zXTP9VDmu7kVcnVDqufv7RooCIeaBo5IBklNRZgvzPzZMpHc1TmkYJ5KEePmQlzBdRvri47pLOcGSzZVAmFO1q46niCMsVT21kUs8VWG+TuryLOW+k6VGu90yW2ZWwn6BzVYeKGPnB+eBTDVslftcFfa50TGs24tmt1NUXYVjOIEzsOASunADPbABgw/P8AKv2pv2oX1qX8toRSvuHMGfqcA37ayvAQ==</latexit><latexit sha1_base64="aoXexCFGCCQr2c0VFSwYOCOHzPE=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlLtruDGZb3EFtpSJpNJOnRyYWYilJBHcKvP5CP4FK7ErdM0iKb+MHA43xnmn+PEjAppmu9aZW19Y3Orul3b2d3bP6g3Dh9FlHBMbByxiA8cJAijIbEllYwMYk5Q4DDSd2bXC95/IlzQKHyQ85iMA+SH1KMYSWXd302sSb1pGmY++qqwCtGEYnqThmaM3AgnAQklZkiIoWXGcpwiLilmJKuNEkFihGfIJ0MlQxQQMU7zXTP9VDmu7kVcnVDqufv7RooCIeaBo5IBklNRZgvzPzZMpHc1TmkYJ5KEePmQlzBdRvri47pLOcGSzZVAmFO1q46niCMsVT21kUs8VWG+TuryLOW+k6VGu90yW2ZWwn6BzVYeKGPnB+eBTDVslftcFfa50TGs24tmt1NUXYVjOIEzsOASunADPbABgw/P8AKv2pv2oX1qX8toRSvuHMGfqcA37ayvAQ==</latexit>

R2<latexit sha1_base64="5qNSuYxwbpare5RL8FcaiG7sfGY=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlLtruDGZb3EFtpSJpNJOnRyYWYilJBHcKvP5CP4FK7ErdM0iKb+MHA43xnmn+PEjAppmu9aZW19Y3Orul3b2d3bP6g3Dh9FlHBMbByxiA8cJAijIbEllYwMYk5Q4DDSd2bXC95/IlzQKHyQ85iMA+SH1KMYSWXd303OJ/WmaZj56KvCKkQTiulNGpoxciOcBCSUmCEhhpYZy3GKuKSYkaw2SgSJEZ4hnwyVDFFAxDjNd830U+W4uhdxdUKp5+7vGykKhJgHjkoGSE5FmS3M/9gwkd7VOKVhnEgS4uVDXsJ0GemLj+su5QRLNlcCYU7VrjqeIo6wVPXURi7xVIX5OqnLs5T7TpYa7XbLbJlZCfsFNlt5oIydH5wHMtWwVe5zVdjnRsewbi+a3U5RdRWO4QTOwIJL6MIN9MAGDD48wwu8am/ah/apfS2jFa24cwR/pgLf74yvAg==</latexit><latexit sha1_base64="5qNSuYxwbpare5RL8FcaiG7sfGY=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlLtruDGZb3EFtpSJpNJOnRyYWYilJBHcKvP5CP4FK7ErdM0iKb+MHA43xnmn+PEjAppmu9aZW19Y3Orul3b2d3bP6g3Dh9FlHBMbByxiA8cJAijIbEllYwMYk5Q4DDSd2bXC95/IlzQKHyQ85iMA+SH1KMYSWXd303OJ/WmaZj56KvCKkQTiulNGpoxciOcBCSUmCEhhpYZy3GKuKSYkaw2SgSJEZ4hnwyVDFFAxDjNd830U+W4uhdxdUKp5+7vGykKhJgHjkoGSE5FmS3M/9gwkd7VOKVhnEgS4uVDXsJ0GemLj+su5QRLNlcCYU7VrjqeIo6wVPXURi7xVIX5OqnLs5T7TpYa7XbLbJlZCfsFNlt5oIydH5wHMtWwVe5zVdjnRsewbi+a3U5RdRWO4QTOwIJL6MIN9MAGDD48wwu8am/ah/apfS2jFa24cwR/pgLf74yvAg==</latexit><latexit sha1_base64="5qNSuYxwbpare5RL8FcaiG7sfGY=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlLtruDGZb3EFtpSJpNJOnRyYWYilJBHcKvP5CP4FK7ErdM0iKb+MHA43xnmn+PEjAppmu9aZW19Y3Orul3b2d3bP6g3Dh9FlHBMbByxiA8cJAijIbEllYwMYk5Q4DDSd2bXC95/IlzQKHyQ85iMA+SH1KMYSWXd303OJ/WmaZj56KvCKkQTiulNGpoxciOcBCSUmCEhhpYZy3GKuKSYkaw2SgSJEZ4hnwyVDFFAxDjNd830U+W4uhdxdUKp5+7vGykKhJgHjkoGSE5FmS3M/9gwkd7VOKVhnEgS4uVDXsJ0GemLj+su5QRLNlcCYU7VrjqeIo6wVPXURi7xVIX5OqnLs5T7TpYa7XbLbJlZCfsFNlt5oIydH5wHMtWwVe5zVdjnRsewbi+a3U5RdRWO4QTOwIJL6MIN9MAGDD48wwu8am/ah/apfS2jFa24cwR/pgLf74yvAg==</latexit><latexit sha1_base64="5qNSuYxwbpare5RL8FcaiG7sfGY=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlLtruDGZb3EFtpSJpNJOnRyYWYilJBHcKvP5CP4FK7ErdM0iKb+MHA43xnmn+PEjAppmu9aZW19Y3Orul3b2d3bP6g3Dh9FlHBMbByxiA8cJAijIbEllYwMYk5Q4DDSd2bXC95/IlzQKHyQ85iMA+SH1KMYSWXd303OJ/WmaZj56KvCKkQTiulNGpoxciOcBCSUmCEhhpYZy3GKuKSYkaw2SgSJEZ4hnwyVDFFAxDjNd830U+W4uhdxdUKp5+7vGykKhJgHjkoGSE5FmS3M/9gwkd7VOKVhnEgS4uVDXsJ0GemLj+su5QRLNlcCYU7VrjqeIo6wVPXURi7xVIX5OqnLs5T7TpYa7XbLbJlZCfsFNlt5oIydH5wHMtWwVe5zVdjnRsewbi+a3U5RdRWO4QTOwIJL6MIN9MAGDD48wwu8am/ah/apfS2jFa24cwR/pgLf74yvAg==</latexit>

RN�1<latexit sha1_base64="xMecB9hdI3Hj35piA074NU8DG14=">AAACSnicbZBNS8MwHMbTOXXOt02PXopD8DBLKjLdbeDFk0yxbrCVkabpFpa+kKTCKP0QXvUz+QH8HJ7Ei2lXRDv/EHh4fk/IP48TMSokhO9aZa26vrFZ26pv7+zu7TeaB48ijDkmFg5ZyIcOEoTRgFiSSkaGESfIdxgZOPPrjA+eCBc0DB7kIiK2j6YB9ShGUlmD+0lye2amk0YLGjAffVWYhWiBYvqTpmaM3RDHPgkkZkiIkQkjaSeIS4oZSevjWJAI4TmakpGSAfKJsJN831Q/UY6reyFXJ5B67v6+kSBfiIXvqKSP5EyUWWb+x0ax9K7shAZRLEmAlw95MdNlqGef113KCZZsoQTCnKpddTxDHGGpKqqPXeKpGvN1EpenCZ86aWJ0Om3YhmkJTwsM23mgjJ0fnAeyhs1yn6vCOje6hnl30ep1i6pr4Agcg1NggkvQAzegDyyAwRw8gxfwqr1pH9qn9rWMVrTiziH4M5XqN0DJsJw=</latexit><latexit sha1_base64="xMecB9hdI3Hj35piA074NU8DG14=">AAACSnicbZBNS8MwHMbTOXXOt02PXopD8DBLKjLdbeDFk0yxbrCVkabpFpa+kKTCKP0QXvUz+QH8HJ7Ei2lXRDv/EHh4fk/IP48TMSokhO9aZa26vrFZ26pv7+zu7TeaB48ijDkmFg5ZyIcOEoTRgFiSSkaGESfIdxgZOPPrjA+eCBc0DB7kIiK2j6YB9ShGUlmD+0lye2amk0YLGjAffVWYhWiBYvqTpmaM3RDHPgkkZkiIkQkjaSeIS4oZSevjWJAI4TmakpGSAfKJsJN831Q/UY6reyFXJ5B67v6+kSBfiIXvqKSP5EyUWWb+x0ax9K7shAZRLEmAlw95MdNlqGef113KCZZsoQTCnKpddTxDHGGpKqqPXeKpGvN1EpenCZ86aWJ0Om3YhmkJTwsM23mgjJ0fnAeyhs1yn6vCOje6hnl30ep1i6pr4Agcg1NggkvQAzegDyyAwRw8gxfwqr1pH9qn9rWMVrTiziH4M5XqN0DJsJw=</latexit><latexit sha1_base64="xMecB9hdI3Hj35piA074NU8DG14=">AAACSnicbZBNS8MwHMbTOXXOt02PXopD8DBLKjLdbeDFk0yxbrCVkabpFpa+kKTCKP0QXvUz+QH8HJ7Ei2lXRDv/EHh4fk/IP48TMSokhO9aZa26vrFZ26pv7+zu7TeaB48ijDkmFg5ZyIcOEoTRgFiSSkaGESfIdxgZOPPrjA+eCBc0DB7kIiK2j6YB9ShGUlmD+0lye2amk0YLGjAffVWYhWiBYvqTpmaM3RDHPgkkZkiIkQkjaSeIS4oZSevjWJAI4TmakpGSAfKJsJN831Q/UY6reyFXJ5B67v6+kSBfiIXvqKSP5EyUWWb+x0ax9K7shAZRLEmAlw95MdNlqGef113KCZZsoQTCnKpddTxDHGGpKqqPXeKpGvN1EpenCZ86aWJ0Om3YhmkJTwsM23mgjJ0fnAeyhs1yn6vCOje6hnl30ep1i6pr4Agcg1NggkvQAzegDyyAwRw8gxfwqr1pH9qn9rWMVrTiziH4M5XqN0DJsJw=</latexit><latexit sha1_base64="xMecB9hdI3Hj35piA074NU8DG14=">AAACSnicbZBNS8MwHMbTOXXOt02PXopD8DBLKjLdbeDFk0yxbrCVkabpFpa+kKTCKP0QXvUz+QH8HJ7Ei2lXRDv/EHh4fk/IP48TMSokhO9aZa26vrFZ26pv7+zu7TeaB48ijDkmFg5ZyIcOEoTRgFiSSkaGESfIdxgZOPPrjA+eCBc0DB7kIiK2j6YB9ShGUlmD+0lye2amk0YLGjAffVWYhWiBYvqTpmaM3RDHPgkkZkiIkQkjaSeIS4oZSevjWJAI4TmakpGSAfKJsJN831Q/UY6reyFXJ5B67v6+kSBfiIXvqKSP5EyUWWb+x0ax9K7shAZRLEmAlw95MdNlqGef113KCZZsoQTCnKpddTxDHGGpKqqPXeKpGvN1EpenCZ86aWJ0Om3YhmkJTwsM23mgjJ0fnAeyhs1yn6vCOje6hnl30ep1i6pr4Agcg1NggkvQAzegDyyAwRw8gxfwqr1pH9qn9rWMVrTiziH4M5XqN0DJsJw=</latexit>

. . .
<latexit sha1_base64="IS4nriWk9hTt3C5Fw+NwfNlzm64=">AAACSXicbZBNS8MwHMbTzZc53zY9eikOwcMorch0t4EXjxPsNljLSNO0i6ZNSVJhlH4Hr/qZ/AJ+DU/iyawrop1/CDw8vyfkn8dLKBHSNN+1Wn1jc2u7sdPc3ds/OGy1j0aCpRxhGzHK+MSDAlMSY1sSSfEk4RhGHsVj7/FmycdPmAvC4nu5SLAbwTAmAUFQKmvkUJ9JMWt1TMMsRl8XVik6oJzhrK0Zjs9QGuFYIgqFmFpmIt0MckkQxXnTSQVOIHqEIZ4qGcMICzcr1s31M+X4esC4OrHUC/f3jQxGQiwiTyUjKOeiypbmf2yayuDazUicpBLHaPVQkFJdMn35d90nHCNJF0pAxInaVUdzyCGSqqGm4+NAtVisk/k8z3jo5ZnR63XNrplXcFhis1sEqtj7wUUgVw1b1T7XhX1h9A3r7rIz6JdVN8AJOAXnwAJXYABuwRDYAIEH8AxewKv2pn1on9rXKlrTyjvH4M/U6t9usbC/</latexit><latexit sha1_base64="IS4nriWk9hTt3C5Fw+NwfNlzm64=">AAACSXicbZBNS8MwHMbTzZc53zY9eikOwcMorch0t4EXjxPsNljLSNO0i6ZNSVJhlH4Hr/qZ/AJ+DU/iyawrop1/CDw8vyfkn8dLKBHSNN+1Wn1jc2u7sdPc3ds/OGy1j0aCpRxhGzHK+MSDAlMSY1sSSfEk4RhGHsVj7/FmycdPmAvC4nu5SLAbwTAmAUFQKmvkUJ9JMWt1TMMsRl8XVik6oJzhrK0Zjs9QGuFYIgqFmFpmIt0MckkQxXnTSQVOIHqEIZ4qGcMICzcr1s31M+X4esC4OrHUC/f3jQxGQiwiTyUjKOeiypbmf2yayuDazUicpBLHaPVQkFJdMn35d90nHCNJF0pAxInaVUdzyCGSqqGm4+NAtVisk/k8z3jo5ZnR63XNrplXcFhis1sEqtj7wUUgVw1b1T7XhX1h9A3r7rIz6JdVN8AJOAXnwAJXYABuwRDYAIEH8AxewKv2pn1on9rXKlrTyjvH4M/U6t9usbC/</latexit><latexit sha1_base64="IS4nriWk9hTt3C5Fw+NwfNlzm64=">AAACSXicbZBNS8MwHMbTzZc53zY9eikOwcMorch0t4EXjxPsNljLSNO0i6ZNSVJhlH4Hr/qZ/AJ+DU/iyawrop1/CDw8vyfkn8dLKBHSNN+1Wn1jc2u7sdPc3ds/OGy1j0aCpRxhGzHK+MSDAlMSY1sSSfEk4RhGHsVj7/FmycdPmAvC4nu5SLAbwTAmAUFQKmvkUJ9JMWt1TMMsRl8XVik6oJzhrK0Zjs9QGuFYIgqFmFpmIt0MckkQxXnTSQVOIHqEIZ4qGcMICzcr1s31M+X4esC4OrHUC/f3jQxGQiwiTyUjKOeiypbmf2yayuDazUicpBLHaPVQkFJdMn35d90nHCNJF0pAxInaVUdzyCGSqqGm4+NAtVisk/k8z3jo5ZnR63XNrplXcFhis1sEqtj7wUUgVw1b1T7XhX1h9A3r7rIz6JdVN8AJOAXnwAJXYABuwRDYAIEH8AxewKv2pn1on9rXKlrTyjvH4M/U6t9usbC/</latexit><latexit sha1_base64="IS4nriWk9hTt3C5Fw+NwfNlzm64=">AAACSXicbZBNS8MwHMbTzZc53zY9eikOwcMorch0t4EXjxPsNljLSNO0i6ZNSVJhlH4Hr/qZ/AJ+DU/iyawrop1/CDw8vyfkn8dLKBHSNN+1Wn1jc2u7sdPc3ds/OGy1j0aCpRxhGzHK+MSDAlMSY1sSSfEk4RhGHsVj7/FmycdPmAvC4nu5SLAbwTAmAUFQKmvkUJ9JMWt1TMMsRl8XVik6oJzhrK0Zjs9QGuFYIgqFmFpmIt0MckkQxXnTSQVOIHqEIZ4qGcMICzcr1s31M+X4esC4OrHUC/f3jQxGQiwiTyUjKOeiypbmf2yayuDazUicpBLHaPVQkFJdMn35d90nHCNJF0pAxInaVUdzyCGSqqGm4+NAtVisk/k8z3jo5ZnR63XNrplXcFhis1sEqtj7wUUgVw1b1T7XhX1h9A3r7rIz6JdVN8AJOAXnwAJXYABuwRDYAIEH8AxewKv2pn1on9rXKlrTyjvH4M/U6t9usbC/</latexit>

Matching a1R
D
0 +

N�2X

i=1

(ai+1 � ai)R
D
i � aN�1R

D
N�1 = 0

<latexit sha1_base64="2X0J0UQk8yK4lWCN5vFEzr3TSuw="></latexit><latexit sha1_base64="2X0J0UQk8yK4lWCN5vFEzr3TSuw="></latexit><latexit sha1_base64="2X0J0UQk8yK4lWCN5vFEzr3TSuw="></latexit><latexit sha1_base64="2X0J0UQk8yK4lWCN5vFEzr3TSuw="></latexit>
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<latexit sha1_base64="CQdanQZxrwtRu83+f1ReT4lLf+Q=">AAACTHicbZBNS8MwHMbTqXPOt02PXopD8DBKKjLdbeDF4wSrk7WMNE27sPSFJB2M0k/hVT+TZz+IJxHMuiLa+YfAw/N7Qv553IRRISF812obm1v17cZOc3dv/+Cw1T56EHHKMbFwzGI+cpEgjEbEklQyMko4QaHLyKM7u1nyxznhgsbRvVwkxAlREFGfYiSV9WTPEU+mdAInrQ40YDH6ujBL0QHlDCdtzbC9GKchiSRmSIixCRPpZIhLihnJm3YqSILwDAVkrGSEQiKcrNg418+U4+l+zNWJpF64v29kKBRiEboqGSI5FVW2NP9j41T6105GoySVJMKrh/yU6TLWl9/XPcoJlmyhBMKcql11PEUcYalKatoe8VWRxTqZx/OMB26eGb1eF3ZhXsFBiWG3CFSx+4OLQK4aNqt9rgvrwugb5t1lZ9Avq26AE3AKzoEJrsAA3IIhsAAGIXgGL+BVe9M+tE/taxWtaeWdY/BnavVvrxyx0A==</latexit><latexit sha1_base64="CQdanQZxrwtRu83+f1ReT4lLf+Q=">AAACTHicbZBNS8MwHMbTqXPOt02PXopD8DBKKjLdbeDF4wSrk7WMNE27sPSFJB2M0k/hVT+TZz+IJxHMuiLa+YfAw/N7Qv553IRRISF812obm1v17cZOc3dv/+Cw1T56EHHKMbFwzGI+cpEgjEbEklQyMko4QaHLyKM7u1nyxznhgsbRvVwkxAlREFGfYiSV9WTPEU+mdAInrQ40YDH6ujBL0QHlDCdtzbC9GKchiSRmSIixCRPpZIhLihnJm3YqSILwDAVkrGSEQiKcrNg418+U4+l+zNWJpF64v29kKBRiEboqGSI5FVW2NP9j41T6105GoySVJMKrh/yU6TLWl9/XPcoJlmyhBMKcql11PEUcYalKatoe8VWRxTqZx/OMB26eGb1eF3ZhXsFBiWG3CFSx+4OLQK4aNqt9rgvrwugb5t1lZ9Avq26AE3AKzoEJrsAA3IIhsAAGIXgGL+BVe9M+tE/taxWtaeWdY/BnavVvrxyx0A==</latexit><latexit sha1_base64="CQdanQZxrwtRu83+f1ReT4lLf+Q=">AAACTHicbZBNS8MwHMbTqXPOt02PXopD8DBKKjLdbeDF4wSrk7WMNE27sPSFJB2M0k/hVT+TZz+IJxHMuiLa+YfAw/N7Qv553IRRISF812obm1v17cZOc3dv/+Cw1T56EHHKMbFwzGI+cpEgjEbEklQyMko4QaHLyKM7u1nyxznhgsbRvVwkxAlREFGfYiSV9WTPEU+mdAInrQ40YDH6ujBL0QHlDCdtzbC9GKchiSRmSIixCRPpZIhLihnJm3YqSILwDAVkrGSEQiKcrNg418+U4+l+zNWJpF64v29kKBRiEboqGSI5FVW2NP9j41T6105GoySVJMKrh/yU6TLWl9/XPcoJlmyhBMKcql11PEUcYalKatoe8VWRxTqZx/OMB26eGb1eF3ZhXsFBiWG3CFSx+4OLQK4aNqt9rgvrwugb5t1lZ9Avq26AE3AKzoEJrsAA3IIhsAAGIXgGL+BVe9M+tE/taxWtaeWdY/BnavVvrxyx0A==</latexit><latexit sha1_base64="CQdanQZxrwtRu83+f1ReT4lLf+Q=">AAACTHicbZBNS8MwHMbTqXPOt02PXopD8DBKKjLdbeDF4wSrk7WMNE27sPSFJB2M0k/hVT+TZz+IJxHMuiLa+YfAw/N7Qv553IRRISF812obm1v17cZOc3dv/+Cw1T56EHHKMbFwzGI+cpEgjEbEklQyMko4QaHLyKM7u1nyxznhgsbRvVwkxAlREFGfYiSV9WTPEU+mdAInrQ40YDH6ujBL0QHlDCdtzbC9GKchiSRmSIixCRPpZIhLihnJm3YqSILwDAVkrGSEQiKcrNg418+U4+l+zNWJpF64v29kKBRiEboqGSI5FVW2NP9j41T6105GoySVJMKrh/yU6TLWl9/XPcoJlmyhBMKcql11PEUcYalKatoe8VWRxTqZx/OMB26eGb1eF3ZhXsFBiWG3CFSx+4OLQK4aNqt9rgvrwugb5t1lZ9Avq26AE3AKzoEJrsAA3IIhsAAGIXgGL+BVe9M+tE/taxWtaeWdY/BnavVvrxyx0A==</latexit>

 b)

 a)

a1R
D
0 +

N�2X

i=1

(ai+1 � ai)R
D
i � aN�1R

D
N�1 = 0

<latexit sha1_base64="2X0J0UQk8yK4lWCN5vFEzr3TSuw="></latexit><latexit sha1_base64="2X0J0UQk8yK4lWCN5vFEzr3TSuw="></latexit><latexit sha1_base64="2X0J0UQk8yK4lWCN5vFEzr3TSuw="></latexit><latexit sha1_base64="2X0J0UQk8yK4lWCN5vFEzr3TSuw="></latexit>

R0
<latexit sha1_base64="XZHpN0BTPJw6Gkyud4OnvzWku/k=">AAACRnicbZDLSgMxGIX/qbdab60u3QwWwUUZMiLV7gpuXNZLbaEtJZPJTEMzF5KMUIZ5BLf6TD6CT+FK3JpOB9HWHwKH852QP8eJOZMKoXejtLa+sblV3q7s7O7tH1Rrh48ySgShXRLxSPQdLClnIe0qpjjtx4LiwOG050yv57z3RIVkUfigZjEdBdgPmccIVtq6vxujcbWOLJSPuSrsQtShmM64ZlhDNyJJQENFOJZyYKNYjVIsFCOcZpVhImmMyRT7dKBliAMqR2m+a2aeasc1vUjoEyozd3/fSHEg5SxwdDLAaiKX2dz8jw0S5V2NUhbGiaIhWTzkJdxUkTn/uOkyQYniMy0wEUzvapIJFpgoXU9l6FJPV5ivk7oiS4XvZKnVbDZQA2VL2C8wauSBZez84DyQ6Ybt5T5XRffcaln27UW93SqqLsMxnMAZ2HAJbbiBDnSBgA/P8AKvxpvxYXwaX4toySjuHMGfKcE368yvAA==</latexit><latexit sha1_base64="XZHpN0BTPJw6Gkyud4OnvzWku/k=">AAACRnicbZDLSgMxGIX/qbdab60u3QwWwUUZMiLV7gpuXNZLbaEtJZPJTEMzF5KMUIZ5BLf6TD6CT+FK3JpOB9HWHwKH852QP8eJOZMKoXejtLa+sblV3q7s7O7tH1Rrh48ySgShXRLxSPQdLClnIe0qpjjtx4LiwOG050yv57z3RIVkUfigZjEdBdgPmccIVtq6vxujcbWOLJSPuSrsQtShmM64ZlhDNyJJQENFOJZyYKNYjVIsFCOcZpVhImmMyRT7dKBliAMqR2m+a2aeasc1vUjoEyozd3/fSHEg5SxwdDLAaiKX2dz8jw0S5V2NUhbGiaIhWTzkJdxUkTn/uOkyQYniMy0wEUzvapIJFpgoXU9l6FJPV5ivk7oiS4XvZKnVbDZQA2VL2C8wauSBZez84DyQ6Ybt5T5XRffcaln27UW93SqqLsMxnMAZ2HAJbbiBDnSBgA/P8AKvxpvxYXwaX4toySjuHMGfKcE368yvAA==</latexit><latexit sha1_base64="XZHpN0BTPJw6Gkyud4OnvzWku/k=">AAACRnicbZDLSgMxGIX/qbdab60u3QwWwUUZMiLV7gpuXNZLbaEtJZPJTEMzF5KMUIZ5BLf6TD6CT+FK3JpOB9HWHwKH852QP8eJOZMKoXejtLa+sblV3q7s7O7tH1Rrh48ySgShXRLxSPQdLClnIe0qpjjtx4LiwOG050yv57z3RIVkUfigZjEdBdgPmccIVtq6vxujcbWOLJSPuSrsQtShmM64ZlhDNyJJQENFOJZyYKNYjVIsFCOcZpVhImmMyRT7dKBliAMqR2m+a2aeasc1vUjoEyozd3/fSHEg5SxwdDLAaiKX2dz8jw0S5V2NUhbGiaIhWTzkJdxUkTn/uOkyQYniMy0wEUzvapIJFpgoXU9l6FJPV5ivk7oiS4XvZKnVbDZQA2VL2C8wauSBZez84DyQ6Ybt5T5XRffcaln27UW93SqqLsMxnMAZ2HAJbbiBDnSBgA/P8AKvxpvxYXwaX4toySjuHMGfKcE368yvAA==</latexit><latexit sha1_base64="XZHpN0BTPJw6Gkyud4OnvzWku/k=">AAACRnicbZDLSgMxGIX/qbdab60u3QwWwUUZMiLV7gpuXNZLbaEtJZPJTEMzF5KMUIZ5BLf6TD6CT+FK3JpOB9HWHwKH852QP8eJOZMKoXejtLa+sblV3q7s7O7tH1Rrh48ySgShXRLxSPQdLClnIe0qpjjtx4LiwOG050yv57z3RIVkUfigZjEdBdgPmccIVtq6vxujcbWOLJSPuSrsQtShmM64ZlhDNyJJQENFOJZyYKNYjVIsFCOcZpVhImmMyRT7dKBliAMqR2m+a2aeasc1vUjoEyozd3/fSHEg5SxwdDLAaiKX2dz8jw0S5V2NUhbGiaIhWTzkJdxUkTn/uOkyQYniMy0wEUzvapIJFpgoXU9l6FJPV5ivk7oiS4XvZKnVbDZQA2VL2C8wauSBZez84DyQ6Ybt5T5XRffcaln27UW93SqqLsMxnMAZ2HAJbbiBDnSBgA/P8AKvxpvxYXwaX4toySjuHMGfKcE368yvAA==</latexit>

R1<latexit sha1_base64="aoXexCFGCCQr2c0VFSwYOCOHzPE=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlLtruDGZb3EFtpSJpNJOnRyYWYilJBHcKvP5CP4FK7ErdM0iKb+MHA43xnmn+PEjAppmu9aZW19Y3Orul3b2d3bP6g3Dh9FlHBMbByxiA8cJAijIbEllYwMYk5Q4DDSd2bXC95/IlzQKHyQ85iMA+SH1KMYSWXd302sSb1pGmY++qqwCtGEYnqThmaM3AgnAQklZkiIoWXGcpwiLilmJKuNEkFihGfIJ0MlQxQQMU7zXTP9VDmu7kVcnVDqufv7RooCIeaBo5IBklNRZgvzPzZMpHc1TmkYJ5KEePmQlzBdRvri47pLOcGSzZVAmFO1q46niCMsVT21kUs8VWG+TuryLOW+k6VGu90yW2ZWwn6BzVYeKGPnB+eBTDVslftcFfa50TGs24tmt1NUXYVjOIEzsOASunADPbABgw/P8AKv2pv2oX1qX8toRSvuHMGfqcA37ayvAQ==</latexit><latexit sha1_base64="aoXexCFGCCQr2c0VFSwYOCOHzPE=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlLtruDGZb3EFtpSJpNJOnRyYWYilJBHcKvP5CP4FK7ErdM0iKb+MHA43xnmn+PEjAppmu9aZW19Y3Orul3b2d3bP6g3Dh9FlHBMbByxiA8cJAijIbEllYwMYk5Q4DDSd2bXC95/IlzQKHyQ85iMA+SH1KMYSWXd302sSb1pGmY++qqwCtGEYnqThmaM3AgnAQklZkiIoWXGcpwiLilmJKuNEkFihGfIJ0MlQxQQMU7zXTP9VDmu7kVcnVDqufv7RooCIeaBo5IBklNRZgvzPzZMpHc1TmkYJ5KEePmQlzBdRvri47pLOcGSzZVAmFO1q46niCMsVT21kUs8VWG+TuryLOW+k6VGu90yW2ZWwn6BzVYeKGPnB+eBTDVslftcFfa50TGs24tmt1NUXYVjOIEzsOASunADPbABgw/P8AKv2pv2oX1qX8toRSvuHMGfqcA37ayvAQ==</latexit><latexit sha1_base64="aoXexCFGCCQr2c0VFSwYOCOHzPE=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlLtruDGZb3EFtpSJpNJOnRyYWYilJBHcKvP5CP4FK7ErdM0iKb+MHA43xnmn+PEjAppmu9aZW19Y3Orul3b2d3bP6g3Dh9FlHBMbByxiA8cJAijIbEllYwMYk5Q4DDSd2bXC95/IlzQKHyQ85iMA+SH1KMYSWXd302sSb1pGmY++qqwCtGEYnqThmaM3AgnAQklZkiIoWXGcpwiLilmJKuNEkFihGfIJ0MlQxQQMU7zXTP9VDmu7kVcnVDqufv7RooCIeaBo5IBklNRZgvzPzZMpHc1TmkYJ5KEePmQlzBdRvri47pLOcGSzZVAmFO1q46niCMsVT21kUs8VWG+TuryLOW+k6VGu90yW2ZWwn6BzVYeKGPnB+eBTDVslftcFfa50TGs24tmt1NUXYVjOIEzsOASunADPbABgw/P8AKv2pv2oX1qX8toRSvuHMGfqcA37ayvAQ==</latexit><latexit sha1_base64="aoXexCFGCCQr2c0VFSwYOCOHzPE=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlLtruDGZb3EFtpSJpNJOnRyYWYilJBHcKvP5CP4FK7ErdM0iKb+MHA43xnmn+PEjAppmu9aZW19Y3Orul3b2d3bP6g3Dh9FlHBMbByxiA8cJAijIbEllYwMYk5Q4DDSd2bXC95/IlzQKHyQ85iMA+SH1KMYSWXd302sSb1pGmY++qqwCtGEYnqThmaM3AgnAQklZkiIoWXGcpwiLilmJKuNEkFihGfIJ0MlQxQQMU7zXTP9VDmu7kVcnVDqufv7RooCIeaBo5IBklNRZgvzPzZMpHc1TmkYJ5KEePmQlzBdRvri47pLOcGSzZVAmFO1q46niCMsVT21kUs8VWG+TuryLOW+k6VGu90yW2ZWwn6BzVYeKGPnB+eBTDVslftcFfa50TGs24tmt1NUXYVjOIEzsOASunADPbABgw/P8AKv2pv2oX1qX8toRSvuHMGfqcA37ayvAQ==</latexit>

R2<latexit sha1_base64="5qNSuYxwbpare5RL8FcaiG7sfGY=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlLtruDGZb3EFtpSJpNJOnRyYWYilJBHcKvP5CP4FK7ErdM0iKb+MHA43xnmn+PEjAppmu9aZW19Y3Orul3b2d3bP6g3Dh9FlHBMbByxiA8cJAijIbEllYwMYk5Q4DDSd2bXC95/IlzQKHyQ85iMA+SH1KMYSWXd303OJ/WmaZj56KvCKkQTiulNGpoxciOcBCSUmCEhhpYZy3GKuKSYkaw2SgSJEZ4hnwyVDFFAxDjNd830U+W4uhdxdUKp5+7vGykKhJgHjkoGSE5FmS3M/9gwkd7VOKVhnEgS4uVDXsJ0GemLj+su5QRLNlcCYU7VrjqeIo6wVPXURi7xVIX5OqnLs5T7TpYa7XbLbJlZCfsFNlt5oIydH5wHMtWwVe5zVdjnRsewbi+a3U5RdRWO4QTOwIJL6MIN9MAGDD48wwu8am/ah/apfS2jFa24cwR/pgLf74yvAg==</latexit><latexit sha1_base64="5qNSuYxwbpare5RL8FcaiG7sfGY=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlLtruDGZb3EFtpSJpNJOnRyYWYilJBHcKvP5CP4FK7ErdM0iKb+MHA43xnmn+PEjAppmu9aZW19Y3Orul3b2d3bP6g3Dh9FlHBMbByxiA8cJAijIbEllYwMYk5Q4DDSd2bXC95/IlzQKHyQ85iMA+SH1KMYSWXd303OJ/WmaZj56KvCKkQTiulNGpoxciOcBCSUmCEhhpYZy3GKuKSYkaw2SgSJEZ4hnwyVDFFAxDjNd830U+W4uhdxdUKp5+7vGykKhJgHjkoGSE5FmS3M/9gwkd7VOKVhnEgS4uVDXsJ0GemLj+su5QRLNlcCYU7VrjqeIo6wVPXURi7xVIX5OqnLs5T7TpYa7XbLbJlZCfsFNlt5oIydH5wHMtWwVe5zVdjnRsewbi+a3U5RdRWO4QTOwIJL6MIN9MAGDD48wwu8am/ah/apfS2jFa24cwR/pgLf74yvAg==</latexit><latexit sha1_base64="5qNSuYxwbpare5RL8FcaiG7sfGY=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlLtruDGZb3EFtpSJpNJOnRyYWYilJBHcKvP5CP4FK7ErdM0iKb+MHA43xnmn+PEjAppmu9aZW19Y3Orul3b2d3bP6g3Dh9FlHBMbByxiA8cJAijIbEllYwMYk5Q4DDSd2bXC95/IlzQKHyQ85iMA+SH1KMYSWXd303OJ/WmaZj56KvCKkQTiulNGpoxciOcBCSUmCEhhpYZy3GKuKSYkaw2SgSJEZ4hnwyVDFFAxDjNd830U+W4uhdxdUKp5+7vGykKhJgHjkoGSE5FmS3M/9gwkd7VOKVhnEgS4uVDXsJ0GemLj+su5QRLNlcCYU7VrjqeIo6wVPXURi7xVIX5OqnLs5T7TpYa7XbLbJlZCfsFNlt5oIydH5wHMtWwVe5zVdjnRsewbi+a3U5RdRWO4QTOwIJL6MIN9MAGDD48wwu8am/ah/apfS2jFa24cwR/pgLf74yvAg==</latexit><latexit sha1_base64="5qNSuYxwbpare5RL8FcaiG7sfGY=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlLtruDGZb3EFtpSJpNJOnRyYWYilJBHcKvP5CP4FK7ErdM0iKb+MHA43xnmn+PEjAppmu9aZW19Y3Orul3b2d3bP6g3Dh9FlHBMbByxiA8cJAijIbEllYwMYk5Q4DDSd2bXC95/IlzQKHyQ85iMA+SH1KMYSWXd303OJ/WmaZj56KvCKkQTiulNGpoxciOcBCSUmCEhhpYZy3GKuKSYkaw2SgSJEZ4hnwyVDFFAxDjNd830U+W4uhdxdUKp5+7vGykKhJgHjkoGSE5FmS3M/9gwkd7VOKVhnEgS4uVDXsJ0GemLj+su5QRLNlcCYU7VrjqeIo6wVPXURi7xVIX5OqnLs5T7TpYa7XbLbJlZCfsFNlt5oIydH5wHMtWwVe5zVdjnRsewbi+a3U5RdRWO4QTOwIJL6MIN9MAGDD48wwu8am/ah/apfS2jFa24cwR/pgLf74yvAg==</latexit>

RN�1<latexit sha1_base64="xMecB9hdI3Hj35piA074NU8DG14=">AAACSnicbZBNS8MwHMbTOXXOt02PXopD8DBLKjLdbeDFk0yxbrCVkabpFpa+kKTCKP0QXvUz+QH8HJ7Ei2lXRDv/EHh4fk/IP48TMSokhO9aZa26vrFZ26pv7+zu7TeaB48ijDkmFg5ZyIcOEoTRgFiSSkaGESfIdxgZOPPrjA+eCBc0DB7kIiK2j6YB9ShGUlmD+0lye2amk0YLGjAffVWYhWiBYvqTpmaM3RDHPgkkZkiIkQkjaSeIS4oZSevjWJAI4TmakpGSAfKJsJN831Q/UY6reyFXJ5B67v6+kSBfiIXvqKSP5EyUWWb+x0ax9K7shAZRLEmAlw95MdNlqGef113KCZZsoQTCnKpddTxDHGGpKqqPXeKpGvN1EpenCZ86aWJ0Om3YhmkJTwsM23mgjJ0fnAeyhs1yn6vCOje6hnl30ep1i6pr4Agcg1NggkvQAzegDyyAwRw8gxfwqr1pH9qn9rWMVrTiziH4M5XqN0DJsJw=</latexit><latexit sha1_base64="xMecB9hdI3Hj35piA074NU8DG14=">AAACSnicbZBNS8MwHMbTOXXOt02PXopD8DBLKjLdbeDFk0yxbrCVkabpFpa+kKTCKP0QXvUz+QH8HJ7Ei2lXRDv/EHh4fk/IP48TMSokhO9aZa26vrFZ26pv7+zu7TeaB48ijDkmFg5ZyIcOEoTRgFiSSkaGESfIdxgZOPPrjA+eCBc0DB7kIiK2j6YB9ShGUlmD+0lye2amk0YLGjAffVWYhWiBYvqTpmaM3RDHPgkkZkiIkQkjaSeIS4oZSevjWJAI4TmakpGSAfKJsJN831Q/UY6reyFXJ5B67v6+kSBfiIXvqKSP5EyUWWb+x0ax9K7shAZRLEmAlw95MdNlqGef113KCZZsoQTCnKpddTxDHGGpKqqPXeKpGvN1EpenCZ86aWJ0Om3YhmkJTwsM23mgjJ0fnAeyhs1yn6vCOje6hnl30ep1i6pr4Agcg1NggkvQAzegDyyAwRw8gxfwqr1pH9qn9rWMVrTiziH4M5XqN0DJsJw=</latexit><latexit sha1_base64="xMecB9hdI3Hj35piA074NU8DG14=">AAACSnicbZBNS8MwHMbTOXXOt02PXopD8DBLKjLdbeDFk0yxbrCVkabpFpa+kKTCKP0QXvUz+QH8HJ7Ei2lXRDv/EHh4fk/IP48TMSokhO9aZa26vrFZ26pv7+zu7TeaB48ijDkmFg5ZyIcOEoTRgFiSSkaGESfIdxgZOPPrjA+eCBc0DB7kIiK2j6YB9ShGUlmD+0lye2amk0YLGjAffVWYhWiBYvqTpmaM3RDHPgkkZkiIkQkjaSeIS4oZSevjWJAI4TmakpGSAfKJsJN831Q/UY6reyFXJ5B67v6+kSBfiIXvqKSP5EyUWWb+x0ax9K7shAZRLEmAlw95MdNlqGef113KCZZsoQTCnKpddTxDHGGpKqqPXeKpGvN1EpenCZ86aWJ0Om3YhmkJTwsM23mgjJ0fnAeyhs1yn6vCOje6hnl30ep1i6pr4Agcg1NggkvQAzegDyyAwRw8gxfwqr1pH9qn9rWMVrTiziH4M5XqN0DJsJw=</latexit><latexit sha1_base64="xMecB9hdI3Hj35piA074NU8DG14=">AAACSnicbZBNS8MwHMbTOXXOt02PXopD8DBLKjLdbeDFk0yxbrCVkabpFpa+kKTCKP0QXvUz+QH8HJ7Ei2lXRDv/EHh4fk/IP48TMSokhO9aZa26vrFZ26pv7+zu7TeaB48ijDkmFg5ZyIcOEoTRgFiSSkaGESfIdxgZOPPrjA+eCBc0DB7kIiK2j6YB9ShGUlmD+0lye2amk0YLGjAffVWYhWiBYvqTpmaM3RDHPgkkZkiIkQkjaSeIS4oZSevjWJAI4TmakpGSAfKJsJN831Q/UY6reyFXJ5B67v6+kSBfiIXvqKSP5EyUWWb+x0ax9K7shAZRLEmAlw95MdNlqGef113KCZZsoQTCnKpddTxDHGGpKqqPXeKpGvN1EpenCZ86aWJ0Om3YhmkJTwsM23mgjJ0fnAeyhs1yn6vCOje6hnl30ep1i6pr4Agcg1NggkvQAzegDyyAwRw8gxfwqr1pH9qn9rWMVrTiziH4M5XqN0DJsJw=</latexit>

. . .
<latexit sha1_base64="IS4nriWk9hTt3C5Fw+NwfNlzm64=">AAACSXicbZBNS8MwHMbTzZc53zY9eikOwcMorch0t4EXjxPsNljLSNO0i6ZNSVJhlH4Hr/qZ/AJ+DU/iyawrop1/CDw8vyfkn8dLKBHSNN+1Wn1jc2u7sdPc3ds/OGy1j0aCpRxhGzHK+MSDAlMSY1sSSfEk4RhGHsVj7/FmycdPmAvC4nu5SLAbwTAmAUFQKmvkUJ9JMWt1TMMsRl8XVik6oJzhrK0Zjs9QGuFYIgqFmFpmIt0MckkQxXnTSQVOIHqEIZ4qGcMICzcr1s31M+X4esC4OrHUC/f3jQxGQiwiTyUjKOeiypbmf2yayuDazUicpBLHaPVQkFJdMn35d90nHCNJF0pAxInaVUdzyCGSqqGm4+NAtVisk/k8z3jo5ZnR63XNrplXcFhis1sEqtj7wUUgVw1b1T7XhX1h9A3r7rIz6JdVN8AJOAXnwAJXYABuwRDYAIEH8AxewKv2pn1on9rXKlrTyjvH4M/U6t9usbC/</latexit><latexit sha1_base64="IS4nriWk9hTt3C5Fw+NwfNlzm64=">AAACSXicbZBNS8MwHMbTzZc53zY9eikOwcMorch0t4EXjxPsNljLSNO0i6ZNSVJhlH4Hr/qZ/AJ+DU/iyawrop1/CDw8vyfkn8dLKBHSNN+1Wn1jc2u7sdPc3ds/OGy1j0aCpRxhGzHK+MSDAlMSY1sSSfEk4RhGHsVj7/FmycdPmAvC4nu5SLAbwTAmAUFQKmvkUJ9JMWt1TMMsRl8XVik6oJzhrK0Zjs9QGuFYIgqFmFpmIt0MckkQxXnTSQVOIHqEIZ4qGcMICzcr1s31M+X4esC4OrHUC/f3jQxGQiwiTyUjKOeiypbmf2yayuDazUicpBLHaPVQkFJdMn35d90nHCNJF0pAxInaVUdzyCGSqqGm4+NAtVisk/k8z3jo5ZnR63XNrplXcFhis1sEqtj7wUUgVw1b1T7XhX1h9A3r7rIz6JdVN8AJOAXnwAJXYABuwRDYAIEH8AxewKv2pn1on9rXKlrTyjvH4M/U6t9usbC/</latexit><latexit sha1_base64="IS4nriWk9hTt3C5Fw+NwfNlzm64=">AAACSXicbZBNS8MwHMbTzZc53zY9eikOwcMorch0t4EXjxPsNljLSNO0i6ZNSVJhlH4Hr/qZ/AJ+DU/iyawrop1/CDw8vyfkn8dLKBHSNN+1Wn1jc2u7sdPc3ds/OGy1j0aCpRxhGzHK+MSDAlMSY1sSSfEk4RhGHsVj7/FmycdPmAvC4nu5SLAbwTAmAUFQKmvkUJ9JMWt1TMMsRl8XVik6oJzhrK0Zjs9QGuFYIgqFmFpmIt0MckkQxXnTSQVOIHqEIZ4qGcMICzcr1s31M+X4esC4OrHUC/f3jQxGQiwiTyUjKOeiypbmf2yayuDazUicpBLHaPVQkFJdMn35d90nHCNJF0pAxInaVUdzyCGSqqGm4+NAtVisk/k8z3jo5ZnR63XNrplXcFhis1sEqtj7wUUgVw1b1T7XhX1h9A3r7rIz6JdVN8AJOAXnwAJXYABuwRDYAIEH8AxewKv2pn1on9rXKlrTyjvH4M/U6t9usbC/</latexit><latexit sha1_base64="IS4nriWk9hTt3C5Fw+NwfNlzm64=">AAACSXicbZBNS8MwHMbTzZc53zY9eikOwcMorch0t4EXjxPsNljLSNO0i6ZNSVJhlH4Hr/qZ/AJ+DU/iyawrop1/CDw8vyfkn8dLKBHSNN+1Wn1jc2u7sdPc3ds/OGy1j0aCpRxhGzHK+MSDAlMSY1sSSfEk4RhGHsVj7/FmycdPmAvC4nu5SLAbwTAmAUFQKmvkUJ9JMWt1TMMsRl8XVik6oJzhrK0Zjs9QGuFYIgqFmFpmIt0MckkQxXnTSQVOIHqEIZ4qGcMICzcr1s31M+X4esC4OrHUC/f3jQxGQiwiTyUjKOeiypbmf2yayuDazUicpBLHaPVQkFJdMn35d90nHCNJF0pAxInaVUdzyCGSqqGm4+NAtVisk/k8z3jo5ZnR63XNrplXcFhis1sEqtj7wUUgVw1b1T7XhX1h9A3r7rIz6JdVN8AJOAXnwAJXYABuwRDYAIEH8AxewKv2pn1on9rXKlrTyjvH4M/U6t9usbC/</latexit>



Rescaling

Use Derrick’s theorem to find the solution

estimate the initial value of 

compute the kinetic             and potential pieces

rescale the radius       by

iterate until |�� 1| . 1

N
<latexit sha1_base64="jBemDhol1Xix3vjF7jsGe7CGSMY=">AAACF3icbVDLSsNAFJ34rPUVdelmsAhurIkI2l3BjSupYG2hCWUyuWmHTh7MTIQS8xlu/BU3LlTc6s6/cZpmoa0HBg7n3MOde7yEM6ks69tYWFxaXlmtrFXXNza3ts2d3TsZp4JCm8Y8Fl2PSOAsgrZiikM3EUBCj0PHG11O/M49CMni6FaNE3BDMohYwChRWuqbJw6HQD1gh+uMT/AxtrEj2GBYaCClZCF2AkFoZufZdd43a1bdKoDniV2SGirR6ptfjh/TNIRIUU6k7NlWotyMCMUoh7zqpBISQkdkAD1NIxKCdLPisBwfasXHQSz0ixQu1N+JjIRSjkNPT4ZEDeWsNxH/83qpCi7cjEVJqiCi00VByrGK8aQl7DMBVPGxJoQKpv+K6ZDoFpTusqpLsGdPnift03qjbt+c1ZqNso0K2kcH6AjZ6Bw10RVqoTai6BE9o1f0ZjwZL8a78TEdXTDKzB76A+PzBxdIn2M=</latexit><latexit sha1_base64="jBemDhol1Xix3vjF7jsGe7CGSMY=">AAACF3icbVDLSsNAFJ34rPUVdelmsAhurIkI2l3BjSupYG2hCWUyuWmHTh7MTIQS8xlu/BU3LlTc6s6/cZpmoa0HBg7n3MOde7yEM6ks69tYWFxaXlmtrFXXNza3ts2d3TsZp4JCm8Y8Fl2PSOAsgrZiikM3EUBCj0PHG11O/M49CMni6FaNE3BDMohYwChRWuqbJw6HQD1gh+uMT/AxtrEj2GBYaCClZCF2AkFoZufZdd43a1bdKoDniV2SGirR6ptfjh/TNIRIUU6k7NlWotyMCMUoh7zqpBISQkdkAD1NIxKCdLPisBwfasXHQSz0ixQu1N+JjIRSjkNPT4ZEDeWsNxH/83qpCi7cjEVJqiCi00VByrGK8aQl7DMBVPGxJoQKpv+K6ZDoFpTusqpLsGdPnift03qjbt+c1ZqNso0K2kcH6AjZ6Bw10RVqoTai6BE9o1f0ZjwZL8a78TEdXTDKzB76A+PzBxdIn2M=</latexit><latexit sha1_base64="jBemDhol1Xix3vjF7jsGe7CGSMY=">AAACF3icbVDLSsNAFJ34rPUVdelmsAhurIkI2l3BjSupYG2hCWUyuWmHTh7MTIQS8xlu/BU3LlTc6s6/cZpmoa0HBg7n3MOde7yEM6ks69tYWFxaXlmtrFXXNza3ts2d3TsZp4JCm8Y8Fl2PSOAsgrZiikM3EUBCj0PHG11O/M49CMni6FaNE3BDMohYwChRWuqbJw6HQD1gh+uMT/AxtrEj2GBYaCClZCF2AkFoZufZdd43a1bdKoDniV2SGirR6ptfjh/TNIRIUU6k7NlWotyMCMUoh7zqpBISQkdkAD1NIxKCdLPisBwfasXHQSz0ixQu1N+JjIRSjkNPT4ZEDeWsNxH/83qpCi7cjEVJqiCi00VByrGK8aQl7DMBVPGxJoQKpv+K6ZDoFpTusqpLsGdPnift03qjbt+c1ZqNso0K2kcH6AjZ6Bw10RVqoTai6BE9o1f0ZjwZL8a78TEdXTDKzB76A+PzBxdIn2M=</latexit><latexit sha1_base64="jBemDhol1Xix3vjF7jsGe7CGSMY=">AAACF3icbVDLSsNAFJ34rPUVdelmsAhurIkI2l3BjSupYG2hCWUyuWmHTh7MTIQS8xlu/BU3LlTc6s6/cZpmoa0HBg7n3MOde7yEM6ks69tYWFxaXlmtrFXXNza3ts2d3TsZp4JCm8Y8Fl2PSOAsgrZiikM3EUBCj0PHG11O/M49CMni6FaNE3BDMohYwChRWuqbJw6HQD1gh+uMT/AxtrEj2GBYaCClZCF2AkFoZufZdd43a1bdKoDniV2SGirR6ptfjh/TNIRIUU6k7NlWotyMCMUoh7zqpBISQkdkAD1NIxKCdLPisBwfasXHQSz0ixQu1N+JjIRSjkNPT4ZEDeWsNxH/83qpCi7cjEVJqiCi00VByrGK8aQl7DMBVPGxJoQKpv+K6ZDoFpTusqpLsGdPnift03qjbt+c1ZqNso0K2kcH6AjZ6Bw10RVqoTai6BE9o1f0ZjwZL8a78TEdXTDKzB76A+PzBxdIn2M=</latexit>

R0
<latexit sha1_base64="XZHpN0BTPJw6Gkyud4OnvzWku/k=">AAACRnicbZDLSgMxGIX/qbdab60u3QwWwUUZMiLV7gpuXNZLbaEtJZPJTEMzF5KMUIZ5BLf6TD6CT+FK3JpOB9HWHwKH852QP8eJOZMKoXejtLa+sblV3q7s7O7tH1Rrh48ySgShXRLxSPQdLClnIe0qpjjtx4LiwOG050yv57z3RIVkUfigZjEdBdgPmccIVtq6vxujcbWOLJSPuSrsQtShmM64ZlhDNyJJQENFOJZyYKNYjVIsFCOcZpVhImmMyRT7dKBliAMqR2m+a2aeasc1vUjoEyozd3/fSHEg5SxwdDLAaiKX2dz8jw0S5V2NUhbGiaIhWTzkJdxUkTn/uOkyQYniMy0wEUzvapIJFpgoXU9l6FJPV5ivk7oiS4XvZKnVbDZQA2VL2C8wauSBZez84DyQ6Ybt5T5XRffcaln27UW93SqqLsMxnMAZ2HAJbbiBDnSBgA/P8AKvxpvxYXwaX4toySjuHMGfKcE368yvAA==</latexit><latexit sha1_base64="XZHpN0BTPJw6Gkyud4OnvzWku/k=">AAACRnicbZDLSgMxGIX/qbdab60u3QwWwUUZMiLV7gpuXNZLbaEtJZPJTEMzF5KMUIZ5BLf6TD6CT+FK3JpOB9HWHwKH852QP8eJOZMKoXejtLa+sblV3q7s7O7tH1Rrh48ySgShXRLxSPQdLClnIe0qpjjtx4LiwOG050yv57z3RIVkUfigZjEdBdgPmccIVtq6vxujcbWOLJSPuSrsQtShmM64ZlhDNyJJQENFOJZyYKNYjVIsFCOcZpVhImmMyRT7dKBliAMqR2m+a2aeasc1vUjoEyozd3/fSHEg5SxwdDLAaiKX2dz8jw0S5V2NUhbGiaIhWTzkJdxUkTn/uOkyQYniMy0wEUzvapIJFpgoXU9l6FJPV5ivk7oiS4XvZKnVbDZQA2VL2C8wauSBZez84DyQ6Ybt5T5XRffcaln27UW93SqqLsMxnMAZ2HAJbbiBDnSBgA/P8AKvxpvxYXwaX4toySjuHMGfKcE368yvAA==</latexit><latexit sha1_base64="XZHpN0BTPJw6Gkyud4OnvzWku/k=">AAACRnicbZDLSgMxGIX/qbdab60u3QwWwUUZMiLV7gpuXNZLbaEtJZPJTEMzF5KMUIZ5BLf6TD6CT+FK3JpOB9HWHwKH852QP8eJOZMKoXejtLa+sblV3q7s7O7tH1Rrh48ySgShXRLxSPQdLClnIe0qpjjtx4LiwOG050yv57z3RIVkUfigZjEdBdgPmccIVtq6vxujcbWOLJSPuSrsQtShmM64ZlhDNyJJQENFOJZyYKNYjVIsFCOcZpVhImmMyRT7dKBliAMqR2m+a2aeasc1vUjoEyozd3/fSHEg5SxwdDLAaiKX2dz8jw0S5V2NUhbGiaIhWTzkJdxUkTn/uOkyQYniMy0wEUzvapIJFpgoXU9l6FJPV5ivk7oiS4XvZKnVbDZQA2VL2C8wauSBZez84DyQ6Ybt5T5XRffcaln27UW93SqqLsMxnMAZ2HAJbbiBDnSBgA/P8AKvxpvxYXwaX4toySjuHMGfKcE368yvAA==</latexit><latexit sha1_base64="XZHpN0BTPJw6Gkyud4OnvzWku/k=">AAACRnicbZDLSgMxGIX/qbdab60u3QwWwUUZMiLV7gpuXNZLbaEtJZPJTEMzF5KMUIZ5BLf6TD6CT+FK3JpOB9HWHwKH852QP8eJOZMKoXejtLa+sblV3q7s7O7tH1Rrh48ySgShXRLxSPQdLClnIe0qpjjtx4LiwOG050yv57z3RIVkUfigZjEdBdgPmccIVtq6vxujcbWOLJSPuSrsQtShmM64ZlhDNyJJQENFOJZyYKNYjVIsFCOcZpVhImmMyRT7dKBliAMqR2m+a2aeasc1vUjoEyozd3/fSHEg5SxwdDLAaiKX2dz8jw0S5V2NUhbGiaIhWTzkJdxUkTn/uOkyQYniMy0wEUzvapIJFpgoXU9l6FJPV5ivk7oiS4XvZKnVbDZQA2VL2C8wauSBZez84DyQ6Ybt5T5XRffcaln27UW93SqqLsMxnMAZ2HAJbbiBDnSBgA/P8AKvxpvxYXwaX4toySjuHMGfKcE368yvAA==</latexit>

R1<latexit sha1_base64="aoXexCFGCCQr2c0VFSwYOCOHzPE=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlLtruDGZb3EFtpSJpNJOnRyYWYilJBHcKvP5CP4FK7ErdM0iKb+MHA43xnmn+PEjAppmu9aZW19Y3Orul3b2d3bP6g3Dh9FlHBMbByxiA8cJAijIbEllYwMYk5Q4DDSd2bXC95/IlzQKHyQ85iMA+SH1KMYSWXd302sSb1pGmY++qqwCtGEYnqThmaM3AgnAQklZkiIoWXGcpwiLilmJKuNEkFihGfIJ0MlQxQQMU7zXTP9VDmu7kVcnVDqufv7RooCIeaBo5IBklNRZgvzPzZMpHc1TmkYJ5KEePmQlzBdRvri47pLOcGSzZVAmFO1q46niCMsVT21kUs8VWG+TuryLOW+k6VGu90yW2ZWwn6BzVYeKGPnB+eBTDVslftcFfa50TGs24tmt1NUXYVjOIEzsOASunADPbABgw/P8AKv2pv2oX1qX8toRSvuHMGfqcA37ayvAQ==</latexit><latexit sha1_base64="aoXexCFGCCQr2c0VFSwYOCOHzPE=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlLtruDGZb3EFtpSJpNJOnRyYWYilJBHcKvP5CP4FK7ErdM0iKb+MHA43xnmn+PEjAppmu9aZW19Y3Orul3b2d3bP6g3Dh9FlHBMbByxiA8cJAijIbEllYwMYk5Q4DDSd2bXC95/IlzQKHyQ85iMA+SH1KMYSWXd302sSb1pGmY++qqwCtGEYnqThmaM3AgnAQklZkiIoWXGcpwiLilmJKuNEkFihGfIJ0MlQxQQMU7zXTP9VDmu7kVcnVDqufv7RooCIeaBo5IBklNRZgvzPzZMpHc1TmkYJ5KEePmQlzBdRvri47pLOcGSzZVAmFO1q46niCMsVT21kUs8VWG+TuryLOW+k6VGu90yW2ZWwn6BzVYeKGPnB+eBTDVslftcFfa50TGs24tmt1NUXYVjOIEzsOASunADPbABgw/P8AKv2pv2oX1qX8toRSvuHMGfqcA37ayvAQ==</latexit><latexit sha1_base64="aoXexCFGCCQr2c0VFSwYOCOHzPE=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlLtruDGZb3EFtpSJpNJOnRyYWYilJBHcKvP5CP4FK7ErdM0iKb+MHA43xnmn+PEjAppmu9aZW19Y3Orul3b2d3bP6g3Dh9FlHBMbByxiA8cJAijIbEllYwMYk5Q4DDSd2bXC95/IlzQKHyQ85iMA+SH1KMYSWXd302sSb1pGmY++qqwCtGEYnqThmaM3AgnAQklZkiIoWXGcpwiLilmJKuNEkFihGfIJ0MlQxQQMU7zXTP9VDmu7kVcnVDqufv7RooCIeaBo5IBklNRZgvzPzZMpHc1TmkYJ5KEePmQlzBdRvri47pLOcGSzZVAmFO1q46niCMsVT21kUs8VWG+TuryLOW+k6VGu90yW2ZWwn6BzVYeKGPnB+eBTDVslftcFfa50TGs24tmt1NUXYVjOIEzsOASunADPbABgw/P8AKv2pv2oX1qX8toRSvuHMGfqcA37ayvAQ==</latexit><latexit sha1_base64="aoXexCFGCCQr2c0VFSwYOCOHzPE=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlLtruDGZb3EFtpSJpNJOnRyYWYilJBHcKvP5CP4FK7ErdM0iKb+MHA43xnmn+PEjAppmu9aZW19Y3Orul3b2d3bP6g3Dh9FlHBMbByxiA8cJAijIbEllYwMYk5Q4DDSd2bXC95/IlzQKHyQ85iMA+SH1KMYSWXd302sSb1pGmY++qqwCtGEYnqThmaM3AgnAQklZkiIoWXGcpwiLilmJKuNEkFihGfIJ0MlQxQQMU7zXTP9VDmu7kVcnVDqufv7RooCIeaBo5IBklNRZgvzPzZMpHc1TmkYJ5KEePmQlzBdRvri47pLOcGSzZVAmFO1q46niCMsVT21kUs8VWG+TuryLOW+k6VGu90yW2ZWwn6BzVYeKGPnB+eBTDVslftcFfa50TGs24tmt1NUXYVjOIEzsOASunADPbABgw/P8AKv2pv2oX1qX8toRSvuHMGfqcA37ayvAQ==</latexit>

R2<latexit sha1_base64="5qNSuYxwbpare5RL8FcaiG7sfGY=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlLtruDGZb3EFtpSJpNJOnRyYWYilJBHcKvP5CP4FK7ErdM0iKb+MHA43xnmn+PEjAppmu9aZW19Y3Orul3b2d3bP6g3Dh9FlHBMbByxiA8cJAijIbEllYwMYk5Q4DDSd2bXC95/IlzQKHyQ85iMA+SH1KMYSWXd303OJ/WmaZj56KvCKkQTiulNGpoxciOcBCSUmCEhhpYZy3GKuKSYkaw2SgSJEZ4hnwyVDFFAxDjNd830U+W4uhdxdUKp5+7vGykKhJgHjkoGSE5FmS3M/9gwkd7VOKVhnEgS4uVDXsJ0GemLj+su5QRLNlcCYU7VrjqeIo6wVPXURi7xVIX5OqnLs5T7TpYa7XbLbJlZCfsFNlt5oIydH5wHMtWwVe5zVdjnRsewbi+a3U5RdRWO4QTOwIJL6MIN9MAGDD48wwu8am/ah/apfS2jFa24cwR/pgLf74yvAg==</latexit><latexit sha1_base64="5qNSuYxwbpare5RL8FcaiG7sfGY=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlLtruDGZb3EFtpSJpNJOnRyYWYilJBHcKvP5CP4FK7ErdM0iKb+MHA43xnmn+PEjAppmu9aZW19Y3Orul3b2d3bP6g3Dh9FlHBMbByxiA8cJAijIbEllYwMYk5Q4DDSd2bXC95/IlzQKHyQ85iMA+SH1KMYSWXd303OJ/WmaZj56KvCKkQTiulNGpoxciOcBCSUmCEhhpYZy3GKuKSYkaw2SgSJEZ4hnwyVDFFAxDjNd830U+W4uhdxdUKp5+7vGykKhJgHjkoGSE5FmS3M/9gwkd7VOKVhnEgS4uVDXsJ0GemLj+su5QRLNlcCYU7VrjqeIo6wVPXURi7xVIX5OqnLs5T7TpYa7XbLbJlZCfsFNlt5oIydH5wHMtWwVe5zVdjnRsewbi+a3U5RdRWO4QTOwIJL6MIN9MAGDD48wwu8am/ah/apfS2jFa24cwR/pgLf74yvAg==</latexit><latexit sha1_base64="5qNSuYxwbpare5RL8FcaiG7sfGY=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlLtruDGZb3EFtpSJpNJOnRyYWYilJBHcKvP5CP4FK7ErdM0iKb+MHA43xnmn+PEjAppmu9aZW19Y3Orul3b2d3bP6g3Dh9FlHBMbByxiA8cJAijIbEllYwMYk5Q4DDSd2bXC95/IlzQKHyQ85iMA+SH1KMYSWXd303OJ/WmaZj56KvCKkQTiulNGpoxciOcBCSUmCEhhpYZy3GKuKSYkaw2SgSJEZ4hnwyVDFFAxDjNd830U+W4uhdxdUKp5+7vGykKhJgHjkoGSE5FmS3M/9gwkd7VOKVhnEgS4uVDXsJ0GemLj+su5QRLNlcCYU7VrjqeIo6wVPXURi7xVIX5OqnLs5T7TpYa7XbLbJlZCfsFNlt5oIydH5wHMtWwVe5zVdjnRsewbi+a3U5RdRWO4QTOwIJL6MIN9MAGDD48wwu8am/ah/apfS2jFa24cwR/pgLf74yvAg==</latexit><latexit sha1_base64="5qNSuYxwbpare5RL8FcaiG7sfGY=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlLtruDGZb3EFtpSJpNJOnRyYWYilJBHcKvP5CP4FK7ErdM0iKb+MHA43xnmn+PEjAppmu9aZW19Y3Orul3b2d3bP6g3Dh9FlHBMbByxiA8cJAijIbEllYwMYk5Q4DDSd2bXC95/IlzQKHyQ85iMA+SH1KMYSWXd303OJ/WmaZj56KvCKkQTiulNGpoxciOcBCSUmCEhhpYZy3GKuKSYkaw2SgSJEZ4hnwyVDFFAxDjNd830U+W4uhdxdUKp5+7vGykKhJgHjkoGSE5FmS3M/9gwkd7VOKVhnEgS4uVDXsJ0GemLj+su5QRLNlcCYU7VrjqeIo6wVPXURi7xVIX5OqnLs5T7TpYa7XbLbJlZCfsFNlt5oIydH5wHMtWwVe5zVdjnRsewbi+a3U5RdRWO4QTOwIJL6MIN9MAGDD48wwu8am/ah/apfS2jFa24cwR/pgLf74yvAg==</latexit>

. . .
<latexit sha1_base64="IS4nriWk9hTt3C5Fw+NwfNlzm64=">AAACSXicbZBNS8MwHMbTzZc53zY9eikOwcMorch0t4EXjxPsNljLSNO0i6ZNSVJhlH4Hr/qZ/AJ+DU/iyawrop1/CDw8vyfkn8dLKBHSNN+1Wn1jc2u7sdPc3ds/OGy1j0aCpRxhGzHK+MSDAlMSY1sSSfEk4RhGHsVj7/FmycdPmAvC4nu5SLAbwTAmAUFQKmvkUJ9JMWt1TMMsRl8XVik6oJzhrK0Zjs9QGuFYIgqFmFpmIt0MckkQxXnTSQVOIHqEIZ4qGcMICzcr1s31M+X4esC4OrHUC/f3jQxGQiwiTyUjKOeiypbmf2yayuDazUicpBLHaPVQkFJdMn35d90nHCNJF0pAxInaVUdzyCGSqqGm4+NAtVisk/k8z3jo5ZnR63XNrplXcFhis1sEqtj7wUUgVw1b1T7XhX1h9A3r7rIz6JdVN8AJOAXnwAJXYABuwRDYAIEH8AxewKv2pn1on9rXKlrTyjvH4M/U6t9usbC/</latexit><latexit sha1_base64="IS4nriWk9hTt3C5Fw+NwfNlzm64=">AAACSXicbZBNS8MwHMbTzZc53zY9eikOwcMorch0t4EXjxPsNljLSNO0i6ZNSVJhlH4Hr/qZ/AJ+DU/iyawrop1/CDw8vyfkn8dLKBHSNN+1Wn1jc2u7sdPc3ds/OGy1j0aCpRxhGzHK+MSDAlMSY1sSSfEk4RhGHsVj7/FmycdPmAvC4nu5SLAbwTAmAUFQKmvkUJ9JMWt1TMMsRl8XVik6oJzhrK0Zjs9QGuFYIgqFmFpmIt0MckkQxXnTSQVOIHqEIZ4qGcMICzcr1s31M+X4esC4OrHUC/f3jQxGQiwiTyUjKOeiypbmf2yayuDazUicpBLHaPVQkFJdMn35d90nHCNJF0pAxInaVUdzyCGSqqGm4+NAtVisk/k8z3jo5ZnR63XNrplXcFhis1sEqtj7wUUgVw1b1T7XhX1h9A3r7rIz6JdVN8AJOAXnwAJXYABuwRDYAIEH8AxewKv2pn1on9rXKlrTyjvH4M/U6t9usbC/</latexit><latexit sha1_base64="IS4nriWk9hTt3C5Fw+NwfNlzm64=">AAACSXicbZBNS8MwHMbTzZc53zY9eikOwcMorch0t4EXjxPsNljLSNO0i6ZNSVJhlH4Hr/qZ/AJ+DU/iyawrop1/CDw8vyfkn8dLKBHSNN+1Wn1jc2u7sdPc3ds/OGy1j0aCpRxhGzHK+MSDAlMSY1sSSfEk4RhGHsVj7/FmycdPmAvC4nu5SLAbwTAmAUFQKmvkUJ9JMWt1TMMsRl8XVik6oJzhrK0Zjs9QGuFYIgqFmFpmIt0MckkQxXnTSQVOIHqEIZ4qGcMICzcr1s31M+X4esC4OrHUC/f3jQxGQiwiTyUjKOeiypbmf2yayuDazUicpBLHaPVQkFJdMn35d90nHCNJF0pAxInaVUdzyCGSqqGm4+NAtVisk/k8z3jo5ZnR63XNrplXcFhis1sEqtj7wUUgVw1b1T7XhX1h9A3r7rIz6JdVN8AJOAXnwAJXYABuwRDYAIEH8AxewKv2pn1on9rXKlrTyjvH4M/U6t9usbC/</latexit><latexit sha1_base64="IS4nriWk9hTt3C5Fw+NwfNlzm64=">AAACSXicbZBNS8MwHMbTzZc53zY9eikOwcMorch0t4EXjxPsNljLSNO0i6ZNSVJhlH4Hr/qZ/AJ+DU/iyawrop1/CDw8vyfkn8dLKBHSNN+1Wn1jc2u7sdPc3ds/OGy1j0aCpRxhGzHK+MSDAlMSY1sSSfEk4RhGHsVj7/FmycdPmAvC4nu5SLAbwTAmAUFQKmvkUJ9JMWt1TMMsRl8XVik6oJzhrK0Zjs9QGuFYIgqFmFpmIt0MckkQxXnTSQVOIHqEIZ4qGcMICzcr1s31M+X4esC4OrHUC/f3jQxGQiwiTyUjKOeiypbmf2yayuDazUicpBLHaPVQkFJdMn35d90nHCNJF0pAxInaVUdzyCGSqqGm4+NAtVisk/k8z3jo5ZnR63XNrplXcFhis1sEqtj7wUUgVw1b1T7XhX1h9A3r7rIz6JdVN8AJOAXnwAJXYABuwRDYAIEH8AxewKv2pn1on9rXKlrTyjvH4M/U6t9usbC/</latexit>R3

<latexit sha1_base64="TZfbYhC9uorhYUEx75Iux7qc2KQ=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFColLtruDGZb3EFtpSJpNJOji5MDMRSsgjuNVn8hF8Clfi1mkaRFN/GDic7wzzz3FiRoU0zXetsrK6tr5R3axtbe/s7tUb+w8iSjgmNo5YxAcOEoTRkNiSSkYGMScocBjpO49Xc95/IlzQKLyXs5iMA+SH1KMYSWXd3U7OJvWmaZj56MvCKkQTiulNGpoxciOcBCSUmCEhhpYZy3GKuKSYkaw2SgSJEX5EPhkqGaKAiHGa75rpx8pxdS/i6oRSz93fN1IUCDELHJUMkJyKMpub/7FhIr3LcUrDOJEkxIuHvITpMtLnH9ddygmWbKYEwpyqXXU8RRxhqeqpjVziqQrzdVKXZyn3nSw12u2W2TKzEvYLbLbyQBk7PzgPZKphq9znsrBPjY5h3Zw3u52i6iocwhGcgAUX0IVr6IENGHx4hhd41d60D+1T+1pEK1px5wD+TAW+AfFsrwM=</latexit><latexit sha1_base64="TZfbYhC9uorhYUEx75Iux7qc2KQ=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFColLtruDGZb3EFtpSJpNJOji5MDMRSsgjuNVn8hF8Clfi1mkaRFN/GDic7wzzz3FiRoU0zXetsrK6tr5R3axtbe/s7tUb+w8iSjgmNo5YxAcOEoTRkNiSSkYGMScocBjpO49Xc95/IlzQKLyXs5iMA+SH1KMYSWXd3U7OJvWmaZj56MvCKkQTiulNGpoxciOcBCSUmCEhhpYZy3GKuKSYkaw2SgSJEX5EPhkqGaKAiHGa75rpx8pxdS/i6oRSz93fN1IUCDELHJUMkJyKMpub/7FhIr3LcUrDOJEkxIuHvITpMtLnH9ddygmWbKYEwpyqXXU8RRxhqeqpjVziqQrzdVKXZyn3nSw12u2W2TKzEvYLbLbyQBk7PzgPZKphq9znsrBPjY5h3Zw3u52i6iocwhGcgAUX0IVr6IENGHx4hhd41d60D+1T+1pEK1px5wD+TAW+AfFsrwM=</latexit><latexit sha1_base64="TZfbYhC9uorhYUEx75Iux7qc2KQ=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFColLtruDGZb3EFtpSJpNJOji5MDMRSsgjuNVn8hF8Clfi1mkaRFN/GDic7wzzz3FiRoU0zXetsrK6tr5R3axtbe/s7tUb+w8iSjgmNo5YxAcOEoTRkNiSSkYGMScocBjpO49Xc95/IlzQKLyXs5iMA+SH1KMYSWXd3U7OJvWmaZj56MvCKkQTiulNGpoxciOcBCSUmCEhhpYZy3GKuKSYkaw2SgSJEX5EPhkqGaKAiHGa75rpx8pxdS/i6oRSz93fN1IUCDELHJUMkJyKMpub/7FhIr3LcUrDOJEkxIuHvITpMtLnH9ddygmWbKYEwpyqXXU8RRxhqeqpjVziqQrzdVKXZyn3nSw12u2W2TKzEvYLbLbyQBk7PzgPZKphq9znsrBPjY5h3Zw3u52i6iocwhGcgAUX0IVr6IENGHx4hhd41d60D+1T+1pEK1px5wD+TAW+AfFsrwM=</latexit><latexit sha1_base64="TZfbYhC9uorhYUEx75Iux7qc2KQ=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFColLtruDGZb3EFtpSJpNJOji5MDMRSsgjuNVn8hF8Clfi1mkaRFN/GDic7wzzz3FiRoU0zXetsrK6tr5R3axtbe/s7tUb+w8iSjgmNo5YxAcOEoTRkNiSSkYGMScocBjpO49Xc95/IlzQKLyXs5iMA+SH1KMYSWXd3U7OJvWmaZj56MvCKkQTiulNGpoxciOcBCSUmCEhhpYZy3GKuKSYkaw2SgSJEX5EPhkqGaKAiHGa75rpx8pxdS/i6oRSz93fN1IUCDELHJUMkJyKMpub/7FhIr3LcUrDOJEkxIuHvITpMtLnH9ddygmWbKYEwpyqXXU8RRxhqeqpjVziqQrzdVKXZyn3nSw12u2W2TKzEvYLbLbyQBk7PzgPZKphq9znsrBPjY5h3Zw3u52i6iocwhGcgAUX0IVr6IENGHx4hhd41d60D+1T+1pEK1px5wD+TAW+AfFsrwM=</latexit>

R0 = 0
<latexit sha1_base64="FDGsIVPPwpiCRvY/4LoYgx8fF/s=">AAACSnicbZBNS8MwHMbTOXXOt02PXoJD8DBKKjLdQRh48TjFusFWRpqmMyx9IUmFUfohvOpn8gP4OTyJF7OuiHb+IfDw/J6Qfx435kwqhN6Nylp1fWOztlXf3tnd2280Dx5klAhCbRLxSAxdLClnIbUVU5wOY0Fx4HI6cGfXCz54okKyKLxX85g6AZ6GzGcEK20N7iYIXkE0abSQifKBq8IqRAsU0580DXPsRSQJaKgIx1KOLBQrJ8VCMcJpVh8nksaYzPCUjrQMcUClk+b7ZvBEOx70I6FPqGDu/r6R4kDKeeDqZIDVoyyzhfkfGyXKv3RSFsaJoiFZPuQnHKoILj4PPSYoUXyuBSaC6V0hecQCE6Urqo896usa83VST2SpmLpZanY6bdRGWQlPC4zaeaCM3R+cBzLdsFXuc1XYZ2bXtG7PW71uUXUNHIFjcAoscAF64Ab0gQ0ImIFn8AJejTfjw/g0vpbRilHcOQR/plL9Bsnkr9U=</latexit><latexit sha1_base64="FDGsIVPPwpiCRvY/4LoYgx8fF/s=">AAACSnicbZBNS8MwHMbTOXXOt02PXoJD8DBKKjLdQRh48TjFusFWRpqmMyx9IUmFUfohvOpn8gP4OTyJF7OuiHb+IfDw/J6Qfx435kwqhN6Nylp1fWOztlXf3tnd2280Dx5klAhCbRLxSAxdLClnIbUVU5wOY0Fx4HI6cGfXCz54okKyKLxX85g6AZ6GzGcEK20N7iYIXkE0abSQifKBq8IqRAsU0580DXPsRSQJaKgIx1KOLBQrJ8VCMcJpVh8nksaYzPCUjrQMcUClk+b7ZvBEOx70I6FPqGDu/r6R4kDKeeDqZIDVoyyzhfkfGyXKv3RSFsaJoiFZPuQnHKoILj4PPSYoUXyuBSaC6V0hecQCE6Urqo896usa83VST2SpmLpZanY6bdRGWQlPC4zaeaCM3R+cBzLdsFXuc1XYZ2bXtG7PW71uUXUNHIFjcAoscAF64Ab0gQ0ImIFn8AJejTfjw/g0vpbRilHcOQR/plL9Bsnkr9U=</latexit><latexit sha1_base64="FDGsIVPPwpiCRvY/4LoYgx8fF/s=">AAACSnicbZBNS8MwHMbTOXXOt02PXoJD8DBKKjLdQRh48TjFusFWRpqmMyx9IUmFUfohvOpn8gP4OTyJF7OuiHb+IfDw/J6Qfx435kwqhN6Nylp1fWOztlXf3tnd2280Dx5klAhCbRLxSAxdLClnIbUVU5wOY0Fx4HI6cGfXCz54okKyKLxX85g6AZ6GzGcEK20N7iYIXkE0abSQifKBq8IqRAsU0580DXPsRSQJaKgIx1KOLBQrJ8VCMcJpVh8nksaYzPCUjrQMcUClk+b7ZvBEOx70I6FPqGDu/r6R4kDKeeDqZIDVoyyzhfkfGyXKv3RSFsaJoiFZPuQnHKoILj4PPSYoUXyuBSaC6V0hecQCE6Urqo896usa83VST2SpmLpZanY6bdRGWQlPC4zaeaCM3R+cBzLdsFXuc1XYZ2bXtG7PW71uUXUNHIFjcAoscAF64Ab0gQ0ImIFn8AJejTfjw/g0vpbRilHcOQR/plL9Bsnkr9U=</latexit><latexit sha1_base64="FDGsIVPPwpiCRvY/4LoYgx8fF/s=">AAACSnicbZBNS8MwHMbTOXXOt02PXoJD8DBKKjLdQRh48TjFusFWRpqmMyx9IUmFUfohvOpn8gP4OTyJF7OuiHb+IfDw/J6Qfx435kwqhN6Nylp1fWOztlXf3tnd2280Dx5klAhCbRLxSAxdLClnIbUVU5wOY0Fx4HI6cGfXCz54okKyKLxX85g6AZ6GzGcEK20N7iYIXkE0abSQifKBq8IqRAsU0580DXPsRSQJaKgIx1KOLBQrJ8VCMcJpVh8nksaYzPCUjrQMcUClk+b7ZvBEOx70I6FPqGDu/r6R4kDKeeDqZIDVoyyzhfkfGyXKv3RSFsaJoiFZPuQnHKoILj4PPSYoUXyuBSaC6V0hecQCE6Urqo896usa83VST2SpmLpZanY6bdRGWQlPC4zaeaCM3R+cBzLdsFXuc1XYZ2bXtG7PW71uUXUNHIFjcAoscAF64Ab0gQ0ImIFn8AJejTfjw/g0vpbRilHcOQR/plL9Bsnkr9U=</latexit>

R1 = 0
<latexit sha1_base64="VxZ3Wduq4oZjb9LPqG46/tY3Lww=">AAACSnicbZBNS8MwHMbTOXXOt02PXoJD8DBKKjLdQRh48TjFusFWRpqmMyx9IUmFUfohvOpn8gP4OTyJF7OuiHb+IfDw/J6Qfx435kwqhN6Nylp1fWOztlXf3tnd2280Dx5klAhCbRLxSAxdLClnIbUVU5wOY0Fx4HI6cGfXCz54okKyKLxX85g6AZ6GzGcEK20N7iYWvIJo0mghE+UDV4VViBYopj9pGubYi0gS0FARjqUcWShWToqFYoTTrD5OJI0xmeEpHWkZ4oBKJ833zeCJdjzoR0KfUMHc/X0jxYGU88DVyQCrR1lmC/M/NkqUf+mkLIwTRUOyfMhPOFQRXHweekxQovhcC0wE07tC8ogFJkpXVB971Nc15uuknshSMXWz1Ox02qiNshKeFhi180AZuz84D2S6Yavc56qwz8yuad2et3rdouoaOALH4BRY4AL0wA3oAxsQMAPP4AW8Gm/Gh/FpfC2jFaO4cwj+TKX6DcvIr9Y=</latexit><latexit sha1_base64="VxZ3Wduq4oZjb9LPqG46/tY3Lww=">AAACSnicbZBNS8MwHMbTOXXOt02PXoJD8DBKKjLdQRh48TjFusFWRpqmMyx9IUmFUfohvOpn8gP4OTyJF7OuiHb+IfDw/J6Qfx435kwqhN6Nylp1fWOztlXf3tnd2280Dx5klAhCbRLxSAxdLClnIbUVU5wOY0Fx4HI6cGfXCz54okKyKLxX85g6AZ6GzGcEK20N7iYWvIJo0mghE+UDV4VViBYopj9pGubYi0gS0FARjqUcWShWToqFYoTTrD5OJI0xmeEpHWkZ4oBKJ833zeCJdjzoR0KfUMHc/X0jxYGU88DVyQCrR1lmC/M/NkqUf+mkLIwTRUOyfMhPOFQRXHweekxQovhcC0wE07tC8ogFJkpXVB971Nc15uuknshSMXWz1Ox02qiNshKeFhi180AZuz84D2S6Yavc56qwz8yuad2et3rdouoaOALH4BRY4AL0wA3oAxsQMAPP4AW8Gm/Gh/FpfC2jFaO4cwj+TKX6DcvIr9Y=</latexit><latexit sha1_base64="VxZ3Wduq4oZjb9LPqG46/tY3Lww=">AAACSnicbZBNS8MwHMbTOXXOt02PXoJD8DBKKjLdQRh48TjFusFWRpqmMyx9IUmFUfohvOpn8gP4OTyJF7OuiHb+IfDw/J6Qfx435kwqhN6Nylp1fWOztlXf3tnd2280Dx5klAhCbRLxSAxdLClnIbUVU5wOY0Fx4HI6cGfXCz54okKyKLxX85g6AZ6GzGcEK20N7iYWvIJo0mghE+UDV4VViBYopj9pGubYi0gS0FARjqUcWShWToqFYoTTrD5OJI0xmeEpHWkZ4oBKJ833zeCJdjzoR0KfUMHc/X0jxYGU88DVyQCrR1lmC/M/NkqUf+mkLIwTRUOyfMhPOFQRXHweekxQovhcC0wE07tC8ogFJkpXVB971Nc15uuknshSMXWz1Ox02qiNshKeFhi180AZuz84D2S6Yavc56qwz8yuad2et3rdouoaOALH4BRY4AL0wA3oAxsQMAPP4AW8Gm/Gh/FpfC2jFaO4cwj+TKX6DcvIr9Y=</latexit><latexit sha1_base64="VxZ3Wduq4oZjb9LPqG46/tY3Lww=">AAACSnicbZBNS8MwHMbTOXXOt02PXoJD8DBKKjLdQRh48TjFusFWRpqmMyx9IUmFUfohvOpn8gP4OTyJF7OuiHb+IfDw/J6Qfx435kwqhN6Nylp1fWOztlXf3tnd2280Dx5klAhCbRLxSAxdLClnIbUVU5wOY0Fx4HI6cGfXCz54okKyKLxX85g6AZ6GzGcEK20N7iYWvIJo0mghE+UDV4VViBYopj9pGubYi0gS0FARjqUcWShWToqFYoTTrD5OJI0xmeEpHWkZ4oBKJ833zeCJdjzoR0KfUMHc/X0jxYGU88DVyQCrR1lmC/M/NkqUf+mkLIwTRUOyfMhPOFQRXHweekxQovhcC0wE07tC8ogFJkpXVB971Nc15uuknshSMXWz1Ox02qiNshKeFhi180AZuz84D2S6Yavc56qwz8yuad2et3rdouoaOALH4BRY4AL0wA3oAxsQMAPP4AW8Gm/Gh/FpfC2jFaO4cwj+TKX6DcvIr9Y=</latexit>

Ri('0) =

r
'̃i+1 � '0

ai
<latexit sha1_base64="FN31UEd0QShJ/ySfwWA9MqKAHJE="></latexit><latexit sha1_base64="FN31UEd0QShJ/ySfwWA9MqKAHJE="></latexit><latexit sha1_base64="FN31UEd0QShJ/ySfwWA9MqKAHJE="></latexit><latexit sha1_base64="FN31UEd0QShJ/ySfwWA9MqKAHJE="></latexit>

RN�1<latexit sha1_base64="xMecB9hdI3Hj35piA074NU8DG14=">AAACSnicbZBNS8MwHMbTOXXOt02PXopD8DBLKjLdbeDFk0yxbrCVkabpFpa+kKTCKP0QXvUz+QH8HJ7Ei2lXRDv/EHh4fk/IP48TMSokhO9aZa26vrFZ26pv7+zu7TeaB48ijDkmFg5ZyIcOEoTRgFiSSkaGESfIdxgZOPPrjA+eCBc0DB7kIiK2j6YB9ShGUlmD+0lye2amk0YLGjAffVWYhWiBYvqTpmaM3RDHPgkkZkiIkQkjaSeIS4oZSevjWJAI4TmakpGSAfKJsJN831Q/UY6reyFXJ5B67v6+kSBfiIXvqKSP5EyUWWb+x0ax9K7shAZRLEmAlw95MdNlqGef113KCZZsoQTCnKpddTxDHGGpKqqPXeKpGvN1EpenCZ86aWJ0Om3YhmkJTwsM23mgjJ0fnAeyhs1yn6vCOje6hnl30ep1i6pr4Agcg1NggkvQAzegDyyAwRw8gxfwqr1pH9qn9rWMVrTiziH4M5XqN0DJsJw=</latexit><latexit sha1_base64="xMecB9hdI3Hj35piA074NU8DG14=">AAACSnicbZBNS8MwHMbTOXXOt02PXopD8DBLKjLdbeDFk0yxbrCVkabpFpa+kKTCKP0QXvUz+QH8HJ7Ei2lXRDv/EHh4fk/IP48TMSokhO9aZa26vrFZ26pv7+zu7TeaB48ijDkmFg5ZyIcOEoTRgFiSSkaGESfIdxgZOPPrjA+eCBc0DB7kIiK2j6YB9ShGUlmD+0lye2amk0YLGjAffVWYhWiBYvqTpmaM3RDHPgkkZkiIkQkjaSeIS4oZSevjWJAI4TmakpGSAfKJsJN831Q/UY6reyFXJ5B67v6+kSBfiIXvqKSP5EyUWWb+x0ax9K7shAZRLEmAlw95MdNlqGef113KCZZsoQTCnKpddTxDHGGpKqqPXeKpGvN1EpenCZ86aWJ0Om3YhmkJTwsM23mgjJ0fnAeyhs1yn6vCOje6hnl30ep1i6pr4Agcg1NggkvQAzegDyyAwRw8gxfwqr1pH9qn9rWMVrTiziH4M5XqN0DJsJw=</latexit><latexit sha1_base64="xMecB9hdI3Hj35piA074NU8DG14=">AAACSnicbZBNS8MwHMbTOXXOt02PXopD8DBLKjLdbeDFk0yxbrCVkabpFpa+kKTCKP0QXvUz+QH8HJ7Ei2lXRDv/EHh4fk/IP48TMSokhO9aZa26vrFZ26pv7+zu7TeaB48ijDkmFg5ZyIcOEoTRgFiSSkaGESfIdxgZOPPrjA+eCBc0DB7kIiK2j6YB9ShGUlmD+0lye2amk0YLGjAffVWYhWiBYvqTpmaM3RDHPgkkZkiIkQkjaSeIS4oZSevjWJAI4TmakpGSAfKJsJN831Q/UY6reyFXJ5B67v6+kSBfiIXvqKSP5EyUWWb+x0ax9K7shAZRLEmAlw95MdNlqGef113KCZZsoQTCnKpddTxDHGGpKqqPXeKpGvN1EpenCZ86aWJ0Om3YhmkJTwsM23mgjJ0fnAeyhs1yn6vCOje6hnl30ep1i6pr4Agcg1NggkvQAzegDyyAwRw8gxfwqr1pH9qn9rWMVrTiziH4M5XqN0DJsJw=</latexit><latexit sha1_base64="xMecB9hdI3Hj35piA074NU8DG14=">AAACSnicbZBNS8MwHMbTOXXOt02PXopD8DBLKjLdbeDFk0yxbrCVkabpFpa+kKTCKP0QXvUz+QH8HJ7Ei2lXRDv/EHh4fk/IP48TMSokhO9aZa26vrFZ26pv7+zu7TeaB48ijDkmFg5ZyIcOEoTRgFiSSkaGESfIdxgZOPPrjA+eCBc0DB7kIiK2j6YB9ShGUlmD+0lye2amk0YLGjAffVWYhWiBYvqTpmaM3RDHPgkkZkiIkQkjaSeIS4oZSevjWJAI4TmakpGSAfKJsJN831Q/UY6reyFXJ5B67v6+kSBfiIXvqKSP5EyUWWb+x0ax9K7shAZRLEmAlw95MdNlqGef113KCZZsoQTCnKpddTxDHGGpKqqPXeKpGvN1EpenCZ86aWJ0Om3YhmkJTwsM23mgjJ0fnAeyhs1yn6vCOje6hnl30ep1i6pr4Agcg1NggkvQAzegDyyAwRw8gxfwqr1pH9qn9rWMVrTiziH4M5XqN0DJsJw=</latexit>

Ri
<latexit sha1_base64="S0YVOcyvKWloepJ+lYxm/a8POog=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8f6EVtoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmmrvL2zu7dfOTh8NEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wj66nfeuLaiEQ94DjlQUwHSkSCUbTS/V1P9CpVt+bOQJaJV5AqFGj2Kl/dfsKymCtkkhrT8dwUg5xqFEzySbmbGZ5SNqID3rFU0ZibIJ+dOiGnVumTKNG2FJKZ+nsip7Ex4zi0nTHFoVn0puJ/XifD6CrIhUoz5IrNF0WZJJiQ6d+kLzRnKMeWUKaFvZWwIdWUoU2nbEPwFl9eJv55rV7zbi+qjXqRRgmO4QTOwINLaMANNMEHBgN4hld4c6Tz4rw7H/PWFaeYOYI/cD5/AJGqjX0=</latexit><latexit sha1_base64="S0YVOcyvKWloepJ+lYxm/a8POog=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8f6EVtoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmmrvL2zu7dfOTh8NEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wj66nfeuLaiEQ94DjlQUwHSkSCUbTS/V1P9CpVt+bOQJaJV5AqFGj2Kl/dfsKymCtkkhrT8dwUg5xqFEzySbmbGZ5SNqID3rFU0ZibIJ+dOiGnVumTKNG2FJKZ+nsip7Ex4zi0nTHFoVn0puJ/XifD6CrIhUoz5IrNF0WZJJiQ6d+kLzRnKMeWUKaFvZWwIdWUoU2nbEPwFl9eJv55rV7zbi+qjXqRRgmO4QTOwINLaMANNMEHBgN4hld4c6Tz4rw7H/PWFaeYOYI/cD5/AJGqjX0=</latexit><latexit sha1_base64="S0YVOcyvKWloepJ+lYxm/a8POog=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8f6EVtoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmmrvL2zu7dfOTh8NEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wj66nfeuLaiEQ94DjlQUwHSkSCUbTS/V1P9CpVt+bOQJaJV5AqFGj2Kl/dfsKymCtkkhrT8dwUg5xqFEzySbmbGZ5SNqID3rFU0ZibIJ+dOiGnVumTKNG2FJKZ+nsip7Ex4zi0nTHFoVn0puJ/XifD6CrIhUoz5IrNF0WZJJiQ6d+kLzRnKMeWUKaFvZWwIdWUoU2nbEPwFl9eJv55rV7zbi+qjXqRRgmO4QTOwINLaMANNMEHBgN4hld4c6Tz4rw7H/PWFaeYOYI/cD5/AJGqjX0=</latexit><latexit sha1_base64="S0YVOcyvKWloepJ+lYxm/a8POog=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8f6EVtoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmmrvL2zu7dfOTh8NEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wj66nfeuLaiEQ94DjlQUwHSkSCUbTS/V1P9CpVt+bOQJaJV5AqFGj2Kl/dfsKymCtkkhrT8dwUg5xqFEzySbmbGZ5SNqID3rFU0ZibIJ+dOiGnVumTKNG2FJKZ+nsip7Ex4zi0nTHFoVn0puJ/XifD6CrIhUoz5IrNF0WZJJiQ6d+kLzRnKMeWUKaFvZWwIdWUoU2nbEPwFl9eJv55rV7zbi+qjXqRRgmO4QTOwINLaMANNMEHBgN4hld4c6Tz4rw7H/PWFaeYOYI/cD5/AJGqjX0=</latexit>

T (Ri)
<latexit sha1_base64="lfBLlHTX4XC75BiQ5XQNka0r8A4=">AAAB93icbVBNS8NAFHzxs9aPRj16WSxCvZREBO2t4MVjlcYW2hA22027dLMJuxuhhv4SLx5UvPpXvPlv3LY5aOvAwjDzHm92wpQzpR3n21pb39jc2i7tlHf39g8q9uHRg0oySahHEp7IbogV5UxQTzPNaTeVFMchp51wfDPzO49UKpaItp6k1I/xULCIEayNFNiVfoz1iGCO2rX7gJ0HdtWpO3OgVeIWpAoFWoH91R8kJIup0IRjpXquk2o/x1Izwum03M8UTTEZ4yHtGSpwTJWfz4NP0ZlRBihKpHlCo7n6eyPHsVKTODSTs5hq2ZuJ/3m9TEfXfs5EmmkqyOJQlHGkEzRrAQ2YpETziSGYSGayIjLCEhNtuiqbEtzlL68S76LeqLt3l9Vmo2ijBCdwCjVw4QqacAst8IBABs/wCm/Wk/VivVsfi9E1q9g5hj+wPn8A7z+SIQ==</latexit><latexit sha1_base64="lfBLlHTX4XC75BiQ5XQNka0r8A4=">AAAB93icbVBNS8NAFHzxs9aPRj16WSxCvZREBO2t4MVjlcYW2hA22027dLMJuxuhhv4SLx5UvPpXvPlv3LY5aOvAwjDzHm92wpQzpR3n21pb39jc2i7tlHf39g8q9uHRg0oySahHEp7IbogV5UxQTzPNaTeVFMchp51wfDPzO49UKpaItp6k1I/xULCIEayNFNiVfoz1iGCO2rX7gJ0HdtWpO3OgVeIWpAoFWoH91R8kJIup0IRjpXquk2o/x1Izwum03M8UTTEZ4yHtGSpwTJWfz4NP0ZlRBihKpHlCo7n6eyPHsVKTODSTs5hq2ZuJ/3m9TEfXfs5EmmkqyOJQlHGkEzRrAQ2YpETziSGYSGayIjLCEhNtuiqbEtzlL68S76LeqLt3l9Vmo2ijBCdwCjVw4QqacAst8IBABs/wCm/Wk/VivVsfi9E1q9g5hj+wPn8A7z+SIQ==</latexit><latexit sha1_base64="lfBLlHTX4XC75BiQ5XQNka0r8A4=">AAAB93icbVBNS8NAFHzxs9aPRj16WSxCvZREBO2t4MVjlcYW2hA22027dLMJuxuhhv4SLx5UvPpXvPlv3LY5aOvAwjDzHm92wpQzpR3n21pb39jc2i7tlHf39g8q9uHRg0oySahHEp7IbogV5UxQTzPNaTeVFMchp51wfDPzO49UKpaItp6k1I/xULCIEayNFNiVfoz1iGCO2rX7gJ0HdtWpO3OgVeIWpAoFWoH91R8kJIup0IRjpXquk2o/x1Izwum03M8UTTEZ4yHtGSpwTJWfz4NP0ZlRBihKpHlCo7n6eyPHsVKTODSTs5hq2ZuJ/3m9TEfXfs5EmmkqyOJQlHGkEzRrAQ2YpETziSGYSGayIjLCEhNtuiqbEtzlL68S76LeqLt3l9Vmo2ijBCdwCjVw4QqacAst8IBABs/wCm/Wk/VivVsfi9E1q9g5hj+wPn8A7z+SIQ==</latexit><latexit sha1_base64="lfBLlHTX4XC75BiQ5XQNka0r8A4=">AAAB93icbVBNS8NAFHzxs9aPRj16WSxCvZREBO2t4MVjlcYW2hA22027dLMJuxuhhv4SLx5UvPpXvPlv3LY5aOvAwjDzHm92wpQzpR3n21pb39jc2i7tlHf39g8q9uHRg0oySahHEp7IbogV5UxQTzPNaTeVFMchp51wfDPzO49UKpaItp6k1I/xULCIEayNFNiVfoz1iGCO2rX7gJ0HdtWpO3OgVeIWpAoFWoH91R8kJIup0IRjpXquk2o/x1Izwum03M8UTTEZ4yHtGSpwTJWfz4NP0ZlRBihKpHlCo7n6eyPHsVKTODSTs5hq2ZuJ/3m9TEfXfs5EmmkqyOJQlHGkEzRrAQ2YpETziSGYSGayIjLCEhNtuiqbEtzlL68S76LeqLt3l9Vmo2ijBCdwCjVw4QqacAst8IBABs/wCm/Wk/VivVsfi9E1q9g5hj+wPn8A7z+SIQ==</latexit>

V(Ri)
<latexit sha1_base64="xm+0e2NLFdVdErFF6InSa5UFIRk=">AAAB93icbVBNS8NAFHzxs9aPRj16WSxCvZREBO2t4MVjFdMW2hA22027dLMJuxuhhv4SLx5UvPpXvPlv3LY5aOvAwjDzHm92wpQzpR3n21pb39jc2i7tlHf39g8q9uFRWyWZJNQjCU9kN8SKciaop5nmtJtKiuOQ0044vpn5nUcqFUvEg56k1I/xULCIEayNFNiVfoz1iGCO2rX7gJ0HdtWpO3OgVeIWpAoFWoH91R8kJIup0IRjpXquk2o/x1Izwum03M8UTTEZ4yHtGSpwTJWfz4NP0ZlRBihKpHlCo7n6eyPHsVKTODSTs5hq2ZuJ/3m9TEfXfs5EmmkqyOJQlHGkEzRrAQ2YpETziSGYSGayIjLCEhNtuiqbEtzlL68S76LeqLt3l9Vmo2ijBCdwCjVw4QqacAst8IBABs/wCm/Wk/VivVsfi9E1q9g5hj+wPn8A8k+SIw==</latexit><latexit sha1_base64="xm+0e2NLFdVdErFF6InSa5UFIRk=">AAAB93icbVBNS8NAFHzxs9aPRj16WSxCvZREBO2t4MVjFdMW2hA22027dLMJuxuhhv4SLx5UvPpXvPlv3LY5aOvAwjDzHm92wpQzpR3n21pb39jc2i7tlHf39g8q9uFRWyWZJNQjCU9kN8SKciaop5nmtJtKiuOQ0044vpn5nUcqFUvEg56k1I/xULCIEayNFNiVfoz1iGCO2rX7gJ0HdtWpO3OgVeIWpAoFWoH91R8kJIup0IRjpXquk2o/x1Izwum03M8UTTEZ4yHtGSpwTJWfz4NP0ZlRBihKpHlCo7n6eyPHsVKTODSTs5hq2ZuJ/3m9TEfXfs5EmmkqyOJQlHGkEzRrAQ2YpETziSGYSGayIjLCEhNtuiqbEtzlL68S76LeqLt3l9Vmo2ijBCdwCjVw4QqacAst8IBABs/wCm/Wk/VivVsfi9E1q9g5hj+wPn8A8k+SIw==</latexit><latexit sha1_base64="xm+0e2NLFdVdErFF6InSa5UFIRk=">AAAB93icbVBNS8NAFHzxs9aPRj16WSxCvZREBO2t4MVjFdMW2hA22027dLMJuxuhhv4SLx5UvPpXvPlv3LY5aOvAwjDzHm92wpQzpR3n21pb39jc2i7tlHf39g8q9uFRWyWZJNQjCU9kN8SKciaop5nmtJtKiuOQ0044vpn5nUcqFUvEg56k1I/xULCIEayNFNiVfoz1iGCO2rX7gJ0HdtWpO3OgVeIWpAoFWoH91R8kJIup0IRjpXquk2o/x1Izwum03M8UTTEZ4yHtGSpwTJWfz4NP0ZlRBihKpHlCo7n6eyPHsVKTODSTs5hq2ZuJ/3m9TEfXfs5EmmkqyOJQlHGkEzRrAQ2YpETziSGYSGayIjLCEhNtuiqbEtzlL68S76LeqLt3l9Vmo2ijBCdwCjVw4QqacAst8IBABs/wCm/Wk/VivVsfi9E1q9g5hj+wPn8A8k+SIw==</latexit><latexit sha1_base64="xm+0e2NLFdVdErFF6InSa5UFIRk=">AAAB93icbVBNS8NAFHzxs9aPRj16WSxCvZREBO2t4MVjFdMW2hA22027dLMJuxuhhv4SLx5UvPpXvPlv3LY5aOvAwjDzHm92wpQzpR3n21pb39jc2i7tlHf39g8q9uFRWyWZJNQjCU9kN8SKciaop5nmtJtKiuOQ0044vpn5nUcqFUvEg56k1I/xULCIEayNFNiVfoz1iGCO2rX7gJ0HdtWpO3OgVeIWpAoFWoH91R8kJIup0IRjpXquk2o/x1Izwum03M8UTTEZ4yHtGSpwTJWfz4NP0ZlRBihKpHlCo7n6eyPHsVKTODSTs5hq2ZuJ/3m9TEfXfs5EmmkqyOJQlHGkEzRrAQ2YpETziSGYSGayIjLCEhNtuiqbEtzlL68S76LeqLt3l9Vmo2ijBCdwCjVw4QqacAst8IBABs/wCm/Wk/VivVsfi9E1q9g5hj+wPn8A8k+SIw==</latexit>

Ri
<latexit sha1_base64="S0YVOcyvKWloepJ+lYxm/a8POog=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8f6EVtoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmmrvL2zu7dfOTh8NEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wj66nfeuLaiEQ94DjlQUwHSkSCUbTS/V1P9CpVt+bOQJaJV5AqFGj2Kl/dfsKymCtkkhrT8dwUg5xqFEzySbmbGZ5SNqID3rFU0ZibIJ+dOiGnVumTKNG2FJKZ+nsip7Ex4zi0nTHFoVn0puJ/XifD6CrIhUoz5IrNF0WZJJiQ6d+kLzRnKMeWUKaFvZWwIdWUoU2nbEPwFl9eJv55rV7zbi+qjXqRRgmO4QTOwINLaMANNMEHBgN4hld4c6Tz4rw7H/PWFaeYOYI/cD5/AJGqjX0=</latexit><latexit sha1_base64="S0YVOcyvKWloepJ+lYxm/a8POog=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8f6EVtoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmmrvL2zu7dfOTh8NEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wj66nfeuLaiEQ94DjlQUwHSkSCUbTS/V1P9CpVt+bOQJaJV5AqFGj2Kl/dfsKymCtkkhrT8dwUg5xqFEzySbmbGZ5SNqID3rFU0ZibIJ+dOiGnVumTKNG2FJKZ+nsip7Ex4zi0nTHFoVn0puJ/XifD6CrIhUoz5IrNF0WZJJiQ6d+kLzRnKMeWUKaFvZWwIdWUoU2nbEPwFl9eJv55rV7zbi+qjXqRRgmO4QTOwINLaMANNMEHBgN4hld4c6Tz4rw7H/PWFaeYOYI/cD5/AJGqjX0=</latexit><latexit sha1_base64="S0YVOcyvKWloepJ+lYxm/a8POog=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8f6EVtoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmmrvL2zu7dfOTh8NEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wj66nfeuLaiEQ94DjlQUwHSkSCUbTS/V1P9CpVt+bOQJaJV5AqFGj2Kl/dfsKymCtkkhrT8dwUg5xqFEzySbmbGZ5SNqID3rFU0ZibIJ+dOiGnVumTKNG2FJKZ+nsip7Ex4zi0nTHFoVn0puJ/XifD6CrIhUoz5IrNF0WZJJiQ6d+kLzRnKMeWUKaFvZWwIdWUoU2nbEPwFl9eJv55rV7zbi+qjXqRRgmO4QTOwINLaMANNMEHBgN4hld4c6Tz4rw7H/PWFaeYOYI/cD5/AJGqjX0=</latexit><latexit sha1_base64="S0YVOcyvKWloepJ+lYxm/a8POog=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8f6EVtoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmmrvL2zu7dfOTh8NEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wj66nfeuLaiEQ94DjlQUwHSkSCUbTS/V1P9CpVt+bOQJaJV5AqFGj2Kl/dfsKymCtkkhrT8dwUg5xqFEzySbmbGZ5SNqID3rFU0ZibIJ+dOiGnVumTKNG2FJKZ+nsip7Ex4zi0nTHFoVn0puJ/XifD6CrIhUoz5IrNF0WZJJiQ6d+kLzRnKMeWUKaFvZWwIdWUoU2nbEPwFl9eJv55rV7zbi+qjXqRRgmO4QTOwINLaMANNMEHBgN4hld4c6Tz4rw7H/PWFaeYOYI/cD5/AJGqjX0=</latexit>

� =

s
(2�D)V(Ri)

DV(Ri)
<latexit sha1_base64="FFYyFiHl/UzQMrqQazBIXG+gx0s=">AAACJ3icbVDLSsNAFJ34rPUVdelmsAjtwpIUQbsQC3bhsoppC00pk8mkHTqZxJmJUEI+x42/4kZERZf+idPHQlsPDBzOOZe593gxo1JZ1pextLyyurae28hvbm3v7Jp7+00ZJQITB0csEm0PScIoJ46iipF2LAgKPUZa3vBq7LceiJA04ndqFJNuiPqcBhQjpaWeeekyHfYRvICuvBcqdQOBcFqsnNRLbojUACMGm8XbHi1laR3OS1nPLFhlawK4SOwZKYAZGj3z1fUjnISEK8yQlB3bilU3RUJRzEiWdxNJYoSHqE86mnIUEtlNJ4dm8FgrPgwioR9XcKL+nkhRKOUo9HRyvKic98bif14nUcF5N6U8ThThePpRkDCoIjhuDfpUEKzYSBOEBdW7QjxAuimlu83rEuz5kxeJUylXy/bNaaFWnbWRA4fgCBSBDc5ADVyDBnAABo/gGbyBd+PJeDE+jM9pdMmYzRyAPzC+fwCtrKSy</latexit><latexit sha1_base64="FFYyFiHl/UzQMrqQazBIXG+gx0s=">AAACJ3icbVDLSsNAFJ34rPUVdelmsAjtwpIUQbsQC3bhsoppC00pk8mkHTqZxJmJUEI+x42/4kZERZf+idPHQlsPDBzOOZe593gxo1JZ1pextLyyurae28hvbm3v7Jp7+00ZJQITB0csEm0PScIoJ46iipF2LAgKPUZa3vBq7LceiJA04ndqFJNuiPqcBhQjpaWeeekyHfYRvICuvBcqdQOBcFqsnNRLbojUACMGm8XbHi1laR3OS1nPLFhlawK4SOwZKYAZGj3z1fUjnISEK8yQlB3bilU3RUJRzEiWdxNJYoSHqE86mnIUEtlNJ4dm8FgrPgwioR9XcKL+nkhRKOUo9HRyvKic98bif14nUcF5N6U8ThThePpRkDCoIjhuDfpUEKzYSBOEBdW7QjxAuimlu83rEuz5kxeJUylXy/bNaaFWnbWRA4fgCBSBDc5ADVyDBnAABo/gGbyBd+PJeDE+jM9pdMmYzRyAPzC+fwCtrKSy</latexit><latexit sha1_base64="FFYyFiHl/UzQMrqQazBIXG+gx0s=">AAACJ3icbVDLSsNAFJ34rPUVdelmsAjtwpIUQbsQC3bhsoppC00pk8mkHTqZxJmJUEI+x42/4kZERZf+idPHQlsPDBzOOZe593gxo1JZ1pextLyyurae28hvbm3v7Jp7+00ZJQITB0csEm0PScIoJ46iipF2LAgKPUZa3vBq7LceiJA04ndqFJNuiPqcBhQjpaWeeekyHfYRvICuvBcqdQOBcFqsnNRLbojUACMGm8XbHi1laR3OS1nPLFhlawK4SOwZKYAZGj3z1fUjnISEK8yQlB3bilU3RUJRzEiWdxNJYoSHqE86mnIUEtlNJ4dm8FgrPgwioR9XcKL+nkhRKOUo9HRyvKic98bif14nUcF5N6U8ThThePpRkDCoIjhuDfpUEKzYSBOEBdW7QjxAuimlu83rEuz5kxeJUylXy/bNaaFWnbWRA4fgCBSBDc5ADVyDBnAABo/gGbyBd+PJeDE+jM9pdMmYzRyAPzC+fwCtrKSy</latexit><latexit sha1_base64="FFYyFiHl/UzQMrqQazBIXG+gx0s=">AAACJ3icbVDLSsNAFJ34rPUVdelmsAjtwpIUQbsQC3bhsoppC00pk8mkHTqZxJmJUEI+x42/4kZERZf+idPHQlsPDBzOOZe593gxo1JZ1pextLyyurae28hvbm3v7Jp7+00ZJQITB0csEm0PScIoJ46iipF2LAgKPUZa3vBq7LceiJA04ndqFJNuiPqcBhQjpaWeeekyHfYRvICuvBcqdQOBcFqsnNRLbojUACMGm8XbHi1laR3OS1nPLFhlawK4SOwZKYAZGj3z1fUjnISEK8yQlB3bilU3RUJRzEiWdxNJYoSHqE86mnIUEtlNJ4dm8FgrPgwioR9XcKL+nkhRKOUo9HRyvKic98bif14nUcF5N6U8ThThePpRkDCoIjhuDfpUEKzYSBOEBdW7QjxAuimlu83rEuz5kxeJUylXy/bNaaFWnbWRA4fgCBSBDc5ADVyDBnAABo/gGbyBd+PJeDE+jM9pdMmYzRyAPzC+fwCtrKSy</latexit>

retrieve         from'0
<latexit sha1_base64="CQdanQZxrwtRu83+f1ReT4lLf+Q=">AAACTHicbZBNS8MwHMbTqXPOt02PXopD8DBKKjLdbeDF4wSrk7WMNE27sPSFJB2M0k/hVT+TZz+IJxHMuiLa+YfAw/N7Qv553IRRISF812obm1v17cZOc3dv/+Cw1T56EHHKMbFwzGI+cpEgjEbEklQyMko4QaHLyKM7u1nyxznhgsbRvVwkxAlREFGfYiSV9WTPEU+mdAInrQ40YDH6ujBL0QHlDCdtzbC9GKchiSRmSIixCRPpZIhLihnJm3YqSILwDAVkrGSEQiKcrNg418+U4+l+zNWJpF64v29kKBRiEboqGSI5FVW2NP9j41T6105GoySVJMKrh/yU6TLWl9/XPcoJlmyhBMKcql11PEUcYalKatoe8VWRxTqZx/OMB26eGb1eF3ZhXsFBiWG3CFSx+4OLQK4aNqt9rgvrwugb5t1lZ9Avq26AE3AKzoEJrsAA3IIhsAAGIXgGL+BVe9M+tE/taxWtaeWdY/BnavVvrxyx0A==</latexit><latexit sha1_base64="CQdanQZxrwtRu83+f1ReT4lLf+Q=">AAACTHicbZBNS8MwHMbTqXPOt02PXopD8DBKKjLdbeDF4wSrk7WMNE27sPSFJB2M0k/hVT+TZz+IJxHMuiLa+YfAw/N7Qv553IRRISF812obm1v17cZOc3dv/+Cw1T56EHHKMbFwzGI+cpEgjEbEklQyMko4QaHLyKM7u1nyxznhgsbRvVwkxAlREFGfYiSV9WTPEU+mdAInrQ40YDH6ujBL0QHlDCdtzbC9GKchiSRmSIixCRPpZIhLihnJm3YqSILwDAVkrGSEQiKcrNg418+U4+l+zNWJpF64v29kKBRiEboqGSI5FVW2NP9j41T6105GoySVJMKrh/yU6TLWl9/XPcoJlmyhBMKcql11PEUcYalKatoe8VWRxTqZx/OMB26eGb1eF3ZhXsFBiWG3CFSx+4OLQK4aNqt9rgvrwugb5t1lZ9Avq26AE3AKzoEJrsAA3IIhsAAGIXgGL+BVe9M+tE/taxWtaeWdY/BnavVvrxyx0A==</latexit><latexit sha1_base64="CQdanQZxrwtRu83+f1ReT4lLf+Q=">AAACTHicbZBNS8MwHMbTqXPOt02PXopD8DBKKjLdbeDF4wSrk7WMNE27sPSFJB2M0k/hVT+TZz+IJxHMuiLa+YfAw/N7Qv553IRRISF812obm1v17cZOc3dv/+Cw1T56EHHKMbFwzGI+cpEgjEbEklQyMko4QaHLyKM7u1nyxznhgsbRvVwkxAlREFGfYiSV9WTPEU+mdAInrQ40YDH6ujBL0QHlDCdtzbC9GKchiSRmSIixCRPpZIhLihnJm3YqSILwDAVkrGSEQiKcrNg418+U4+l+zNWJpF64v29kKBRiEboqGSI5FVW2NP9j41T6105GoySVJMKrh/yU6TLWl9/XPcoJlmyhBMKcql11PEUcYalKatoe8VWRxTqZx/OMB26eGb1eF3ZhXsFBiWG3CFSx+4OLQK4aNqt9rgvrwugb5t1lZ9Avq26AE3AKzoEJrsAA3IIhsAAGIXgGL+BVe9M+tE/taxWtaeWdY/BnavVvrxyx0A==</latexit><latexit sha1_base64="CQdanQZxrwtRu83+f1ReT4lLf+Q=">AAACTHicbZBNS8MwHMbTqXPOt02PXopD8DBKKjLdbeDF4wSrk7WMNE27sPSFJB2M0k/hVT+TZz+IJxHMuiLa+YfAw/N7Qv553IRRISF812obm1v17cZOc3dv/+Cw1T56EHHKMbFwzGI+cpEgjEbEklQyMko4QaHLyKM7u1nyxznhgsbRvVwkxAlREFGfYiSV9WTPEU+mdAInrQ40YDH6ujBL0QHlDCdtzbC9GKchiSRmSIixCRPpZIhLihnJm3YqSILwDAVkrGSEQiKcrNg418+U4+l+zNWJpF64v29kKBRiEboqGSI5FVW2NP9j41T6105GoySVJMKrh/yU6TLWl9/XPcoJlmyhBMKcql11PEUcYalKatoe8VWRxTqZx/OMB26eGb1eF3ZhXsFBiWG3CFSx+4OLQK4aNqt9rgvrwugb5t1lZ9Avq26AE3AKzoEJrsAA3IIhsAAGIXgGL+BVe9M+tE/taxWtaeWdY/BnavVvrxyx0A==</latexit>
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R0
<latexit sha1_base64="XZHpN0BTPJw6Gkyud4OnvzWku/k=">AAACRnicbZDLSgMxGIX/qbdab60u3QwWwUUZMiLV7gpuXNZLbaEtJZPJTEMzF5KMUIZ5BLf6TD6CT+FK3JpOB9HWHwKH852QP8eJOZMKoXejtLa+sblV3q7s7O7tH1Rrh48ySgShXRLxSPQdLClnIe0qpjjtx4LiwOG050yv57z3RIVkUfigZjEdBdgPmccIVtq6vxujcbWOLJSPuSrsQtShmM64ZlhDNyJJQENFOJZyYKNYjVIsFCOcZpVhImmMyRT7dKBliAMqR2m+a2aeasc1vUjoEyozd3/fSHEg5SxwdDLAaiKX2dz8jw0S5V2NUhbGiaIhWTzkJdxUkTn/uOkyQYniMy0wEUzvapIJFpgoXU9l6FJPV5ivk7oiS4XvZKnVbDZQA2VL2C8wauSBZez84DyQ6Ybt5T5XRffcaln27UW93SqqLsMxnMAZ2HAJbbiBDnSBgA/P8AKvxpvxYXwaX4toySjuHMGfKcE368yvAA==</latexit><latexit sha1_base64="XZHpN0BTPJw6Gkyud4OnvzWku/k=">AAACRnicbZDLSgMxGIX/qbdab60u3QwWwUUZMiLV7gpuXNZLbaEtJZPJTEMzF5KMUIZ5BLf6TD6CT+FK3JpOB9HWHwKH852QP8eJOZMKoXejtLa+sblV3q7s7O7tH1Rrh48ySgShXRLxSPQdLClnIe0qpjjtx4LiwOG050yv57z3RIVkUfigZjEdBdgPmccIVtq6vxujcbWOLJSPuSrsQtShmM64ZlhDNyJJQENFOJZyYKNYjVIsFCOcZpVhImmMyRT7dKBliAMqR2m+a2aeasc1vUjoEyozd3/fSHEg5SxwdDLAaiKX2dz8jw0S5V2NUhbGiaIhWTzkJdxUkTn/uOkyQYniMy0wEUzvapIJFpgoXU9l6FJPV5ivk7oiS4XvZKnVbDZQA2VL2C8wauSBZez84DyQ6Ybt5T5XRffcaln27UW93SqqLsMxnMAZ2HAJbbiBDnSBgA/P8AKvxpvxYXwaX4toySjuHMGfKcE368yvAA==</latexit><latexit sha1_base64="XZHpN0BTPJw6Gkyud4OnvzWku/k=">AAACRnicbZDLSgMxGIX/qbdab60u3QwWwUUZMiLV7gpuXNZLbaEtJZPJTEMzF5KMUIZ5BLf6TD6CT+FK3JpOB9HWHwKH852QP8eJOZMKoXejtLa+sblV3q7s7O7tH1Rrh48ySgShXRLxSPQdLClnIe0qpjjtx4LiwOG050yv57z3RIVkUfigZjEdBdgPmccIVtq6vxujcbWOLJSPuSrsQtShmM64ZlhDNyJJQENFOJZyYKNYjVIsFCOcZpVhImmMyRT7dKBliAMqR2m+a2aeasc1vUjoEyozd3/fSHEg5SxwdDLAaiKX2dz8jw0S5V2NUhbGiaIhWTzkJdxUkTn/uOkyQYniMy0wEUzvapIJFpgoXU9l6FJPV5ivk7oiS4XvZKnVbDZQA2VL2C8wauSBZez84DyQ6Ybt5T5XRffcaln27UW93SqqLsMxnMAZ2HAJbbiBDnSBgA/P8AKvxpvxYXwaX4toySjuHMGfKcE368yvAA==</latexit><latexit sha1_base64="XZHpN0BTPJw6Gkyud4OnvzWku/k=">AAACRnicbZDLSgMxGIX/qbdab60u3QwWwUUZMiLV7gpuXNZLbaEtJZPJTEMzF5KMUIZ5BLf6TD6CT+FK3JpOB9HWHwKH852QP8eJOZMKoXejtLa+sblV3q7s7O7tH1Rrh48ySgShXRLxSPQdLClnIe0qpjjtx4LiwOG050yv57z3RIVkUfigZjEdBdgPmccIVtq6vxujcbWOLJSPuSrsQtShmM64ZlhDNyJJQENFOJZyYKNYjVIsFCOcZpVhImmMyRT7dKBliAMqR2m+a2aeasc1vUjoEyozd3/fSHEg5SxwdDLAaiKX2dz8jw0S5V2NUhbGiaIhWTzkJdxUkTn/uOkyQYniMy0wEUzvapIJFpgoXU9l6FJPV5ivk7oiS4XvZKnVbDZQA2VL2C8wauSBZez84DyQ6Ybt5T5XRffcaln27UW93SqqLsMxnMAZ2HAJbbiBDnSBgA/P8AKvxpvxYXwaX4toySjuHMGfKcE368yvAA==</latexit>

R1<latexit sha1_base64="aoXexCFGCCQr2c0VFSwYOCOHzPE=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlLtruDGZb3EFtpSJpNJOnRyYWYilJBHcKvP5CP4FK7ErdM0iKb+MHA43xnmn+PEjAppmu9aZW19Y3Orul3b2d3bP6g3Dh9FlHBMbByxiA8cJAijIbEllYwMYk5Q4DDSd2bXC95/IlzQKHyQ85iMA+SH1KMYSWXd302sSb1pGmY++qqwCtGEYnqThmaM3AgnAQklZkiIoWXGcpwiLilmJKuNEkFihGfIJ0MlQxQQMU7zXTP9VDmu7kVcnVDqufv7RooCIeaBo5IBklNRZgvzPzZMpHc1TmkYJ5KEePmQlzBdRvri47pLOcGSzZVAmFO1q46niCMsVT21kUs8VWG+TuryLOW+k6VGu90yW2ZWwn6BzVYeKGPnB+eBTDVslftcFfa50TGs24tmt1NUXYVjOIEzsOASunADPbABgw/P8AKv2pv2oX1qX8toRSvuHMGfqcA37ayvAQ==</latexit><latexit sha1_base64="aoXexCFGCCQr2c0VFSwYOCOHzPE=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlLtruDGZb3EFtpSJpNJOnRyYWYilJBHcKvP5CP4FK7ErdM0iKb+MHA43xnmn+PEjAppmu9aZW19Y3Orul3b2d3bP6g3Dh9FlHBMbByxiA8cJAijIbEllYwMYk5Q4DDSd2bXC95/IlzQKHyQ85iMA+SH1KMYSWXd302sSb1pGmY++qqwCtGEYnqThmaM3AgnAQklZkiIoWXGcpwiLilmJKuNEkFihGfIJ0MlQxQQMU7zXTP9VDmu7kVcnVDqufv7RooCIeaBo5IBklNRZgvzPzZMpHc1TmkYJ5KEePmQlzBdRvri47pLOcGSzZVAmFO1q46niCMsVT21kUs8VWG+TuryLOW+k6VGu90yW2ZWwn6BzVYeKGPnB+eBTDVslftcFfa50TGs24tmt1NUXYVjOIEzsOASunADPbABgw/P8AKv2pv2oX1qX8toRSvuHMGfqcA37ayvAQ==</latexit><latexit sha1_base64="aoXexCFGCCQr2c0VFSwYOCOHzPE=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlLtruDGZb3EFtpSJpNJOnRyYWYilJBHcKvP5CP4FK7ErdM0iKb+MHA43xnmn+PEjAppmu9aZW19Y3Orul3b2d3bP6g3Dh9FlHBMbByxiA8cJAijIbEllYwMYk5Q4DDSd2bXC95/IlzQKHyQ85iMA+SH1KMYSWXd302sSb1pGmY++qqwCtGEYnqThmaM3AgnAQklZkiIoWXGcpwiLilmJKuNEkFihGfIJ0MlQxQQMU7zXTP9VDmu7kVcnVDqufv7RooCIeaBo5IBklNRZgvzPzZMpHc1TmkYJ5KEePmQlzBdRvri47pLOcGSzZVAmFO1q46niCMsVT21kUs8VWG+TuryLOW+k6VGu90yW2ZWwn6BzVYeKGPnB+eBTDVslftcFfa50TGs24tmt1NUXYVjOIEzsOASunADPbABgw/P8AKv2pv2oX1qX8toRSvuHMGfqcA37ayvAQ==</latexit><latexit sha1_base64="aoXexCFGCCQr2c0VFSwYOCOHzPE=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlLtruDGZb3EFtpSJpNJOnRyYWYilJBHcKvP5CP4FK7ErdM0iKb+MHA43xnmn+PEjAppmu9aZW19Y3Orul3b2d3bP6g3Dh9FlHBMbByxiA8cJAijIbEllYwMYk5Q4DDSd2bXC95/IlzQKHyQ85iMA+SH1KMYSWXd302sSb1pGmY++qqwCtGEYnqThmaM3AgnAQklZkiIoWXGcpwiLilmJKuNEkFihGfIJ0MlQxQQMU7zXTP9VDmu7kVcnVDqufv7RooCIeaBo5IBklNRZgvzPzZMpHc1TmkYJ5KEePmQlzBdRvri47pLOcGSzZVAmFO1q46niCMsVT21kUs8VWG+TuryLOW+k6VGu90yW2ZWwn6BzVYeKGPnB+eBTDVslftcFfa50TGs24tmt1NUXYVjOIEzsOASunADPbABgw/P8AKv2pv2oX1qX8toRSvuHMGfqcA37ayvAQ==</latexit>

R2<latexit sha1_base64="5qNSuYxwbpare5RL8FcaiG7sfGY=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlLtruDGZb3EFtpSJpNJOnRyYWYilJBHcKvP5CP4FK7ErdM0iKb+MHA43xnmn+PEjAppmu9aZW19Y3Orul3b2d3bP6g3Dh9FlHBMbByxiA8cJAijIbEllYwMYk5Q4DDSd2bXC95/IlzQKHyQ85iMA+SH1KMYSWXd303OJ/WmaZj56KvCKkQTiulNGpoxciOcBCSUmCEhhpYZy3GKuKSYkaw2SgSJEZ4hnwyVDFFAxDjNd830U+W4uhdxdUKp5+7vGykKhJgHjkoGSE5FmS3M/9gwkd7VOKVhnEgS4uVDXsJ0GemLj+su5QRLNlcCYU7VrjqeIo6wVPXURi7xVIX5OqnLs5T7TpYa7XbLbJlZCfsFNlt5oIydH5wHMtWwVe5zVdjnRsewbi+a3U5RdRWO4QTOwIJL6MIN9MAGDD48wwu8am/ah/apfS2jFa24cwR/pgLf74yvAg==</latexit><latexit sha1_base64="5qNSuYxwbpare5RL8FcaiG7sfGY=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlLtruDGZb3EFtpSJpNJOnRyYWYilJBHcKvP5CP4FK7ErdM0iKb+MHA43xnmn+PEjAppmu9aZW19Y3Orul3b2d3bP6g3Dh9FlHBMbByxiA8cJAijIbEllYwMYk5Q4DDSd2bXC95/IlzQKHyQ85iMA+SH1KMYSWXd303OJ/WmaZj56KvCKkQTiulNGpoxciOcBCSUmCEhhpYZy3GKuKSYkaw2SgSJEZ4hnwyVDFFAxDjNd830U+W4uhdxdUKp5+7vGykKhJgHjkoGSE5FmS3M/9gwkd7VOKVhnEgS4uVDXsJ0GemLj+su5QRLNlcCYU7VrjqeIo6wVPXURi7xVIX5OqnLs5T7TpYa7XbLbJlZCfsFNlt5oIydH5wHMtWwVe5zVdjnRsewbi+a3U5RdRWO4QTOwIJL6MIN9MAGDD48wwu8am/ah/apfS2jFa24cwR/pgLf74yvAg==</latexit><latexit sha1_base64="5qNSuYxwbpare5RL8FcaiG7sfGY=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlLtruDGZb3EFtpSJpNJOnRyYWYilJBHcKvP5CP4FK7ErdM0iKb+MHA43xnmn+PEjAppmu9aZW19Y3Orul3b2d3bP6g3Dh9FlHBMbByxiA8cJAijIbEllYwMYk5Q4DDSd2bXC95/IlzQKHyQ85iMA+SH1KMYSWXd303OJ/WmaZj56KvCKkQTiulNGpoxciOcBCSUmCEhhpYZy3GKuKSYkaw2SgSJEZ4hnwyVDFFAxDjNd830U+W4uhdxdUKp5+7vGykKhJgHjkoGSE5FmS3M/9gwkd7VOKVhnEgS4uVDXsJ0GemLj+su5QRLNlcCYU7VrjqeIo6wVPXURi7xVIX5OqnLs5T7TpYa7XbLbJlZCfsFNlt5oIydH5wHMtWwVe5zVdjnRsewbi+a3U5RdRWO4QTOwIJL6MIN9MAGDD48wwu8am/ah/apfS2jFa24cwR/pgLf74yvAg==</latexit><latexit sha1_base64="5qNSuYxwbpare5RL8FcaiG7sfGY=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlLtruDGZb3EFtpSJpNJOnRyYWYilJBHcKvP5CP4FK7ErdM0iKb+MHA43xnmn+PEjAppmu9aZW19Y3Orul3b2d3bP6g3Dh9FlHBMbByxiA8cJAijIbEllYwMYk5Q4DDSd2bXC95/IlzQKHyQ85iMA+SH1KMYSWXd303OJ/WmaZj56KvCKkQTiulNGpoxciOcBCSUmCEhhpYZy3GKuKSYkaw2SgSJEZ4hnwyVDFFAxDjNd830U+W4uhdxdUKp5+7vGykKhJgHjkoGSE5FmS3M/9gwkd7VOKVhnEgS4uVDXsJ0GemLj+su5QRLNlcCYU7VrjqeIo6wVPXURi7xVIX5OqnLs5T7TpYa7XbLbJlZCfsFNlt5oIydH5wHMtWwVe5zVdjnRsewbi+a3U5RdRWO4QTOwIJL6MIN9MAGDD48wwu8am/ah/apfS2jFa24cwR/pgLf74yvAg==</latexit>

RN�1<latexit sha1_base64="xMecB9hdI3Hj35piA074NU8DG14=">AAACSnicbZBNS8MwHMbTOXXOt02PXopD8DBLKjLdbeDFk0yxbrCVkabpFpa+kKTCKP0QXvUz+QH8HJ7Ei2lXRDv/EHh4fk/IP48TMSokhO9aZa26vrFZ26pv7+zu7TeaB48ijDkmFg5ZyIcOEoTRgFiSSkaGESfIdxgZOPPrjA+eCBc0DB7kIiK2j6YB9ShGUlmD+0lye2amk0YLGjAffVWYhWiBYvqTpmaM3RDHPgkkZkiIkQkjaSeIS4oZSevjWJAI4TmakpGSAfKJsJN831Q/UY6reyFXJ5B67v6+kSBfiIXvqKSP5EyUWWb+x0ax9K7shAZRLEmAlw95MdNlqGef113KCZZsoQTCnKpddTxDHGGpKqqPXeKpGvN1EpenCZ86aWJ0Om3YhmkJTwsM23mgjJ0fnAeyhs1yn6vCOje6hnl30ep1i6pr4Agcg1NggkvQAzegDyyAwRw8gxfwqr1pH9qn9rWMVrTiziH4M5XqN0DJsJw=</latexit><latexit sha1_base64="xMecB9hdI3Hj35piA074NU8DG14=">AAACSnicbZBNS8MwHMbTOXXOt02PXopD8DBLKjLdbeDFk0yxbrCVkabpFpa+kKTCKP0QXvUz+QH8HJ7Ei2lXRDv/EHh4fk/IP48TMSokhO9aZa26vrFZ26pv7+zu7TeaB48ijDkmFg5ZyIcOEoTRgFiSSkaGESfIdxgZOPPrjA+eCBc0DB7kIiK2j6YB9ShGUlmD+0lye2amk0YLGjAffVWYhWiBYvqTpmaM3RDHPgkkZkiIkQkjaSeIS4oZSevjWJAI4TmakpGSAfKJsJN831Q/UY6reyFXJ5B67v6+kSBfiIXvqKSP5EyUWWb+x0ax9K7shAZRLEmAlw95MdNlqGef113KCZZsoQTCnKpddTxDHGGpKqqPXeKpGvN1EpenCZ86aWJ0Om3YhmkJTwsM23mgjJ0fnAeyhs1yn6vCOje6hnl30ep1i6pr4Agcg1NggkvQAzegDyyAwRw8gxfwqr1pH9qn9rWMVrTiziH4M5XqN0DJsJw=</latexit><latexit sha1_base64="xMecB9hdI3Hj35piA074NU8DG14=">AAACSnicbZBNS8MwHMbTOXXOt02PXopD8DBLKjLdbeDFk0yxbrCVkabpFpa+kKTCKP0QXvUz+QH8HJ7Ei2lXRDv/EHh4fk/IP48TMSokhO9aZa26vrFZ26pv7+zu7TeaB48ijDkmFg5ZyIcOEoTRgFiSSkaGESfIdxgZOPPrjA+eCBc0DB7kIiK2j6YB9ShGUlmD+0lye2amk0YLGjAffVWYhWiBYvqTpmaM3RDHPgkkZkiIkQkjaSeIS4oZSevjWJAI4TmakpGSAfKJsJN831Q/UY6reyFXJ5B67v6+kSBfiIXvqKSP5EyUWWb+x0ax9K7shAZRLEmAlw95MdNlqGef113KCZZsoQTCnKpddTxDHGGpKqqPXeKpGvN1EpenCZ86aWJ0Om3YhmkJTwsM23mgjJ0fnAeyhs1yn6vCOje6hnl30ep1i6pr4Agcg1NggkvQAzegDyyAwRw8gxfwqr1pH9qn9rWMVrTiziH4M5XqN0DJsJw=</latexit><latexit sha1_base64="xMecB9hdI3Hj35piA074NU8DG14=">AAACSnicbZBNS8MwHMbTOXXOt02PXopD8DBLKjLdbeDFk0yxbrCVkabpFpa+kKTCKP0QXvUz+QH8HJ7Ei2lXRDv/EHh4fk/IP48TMSokhO9aZa26vrFZ26pv7+zu7TeaB48ijDkmFg5ZyIcOEoTRgFiSSkaGESfIdxgZOPPrjA+eCBc0DB7kIiK2j6YB9ShGUlmD+0lye2amk0YLGjAffVWYhWiBYvqTpmaM3RDHPgkkZkiIkQkjaSeIS4oZSevjWJAI4TmakpGSAfKJsJN831Q/UY6reyFXJ5B67v6+kSBfiIXvqKSP5EyUWWb+x0ax9K7shAZRLEmAlw95MdNlqGef113KCZZsoQTCnKpddTxDHGGpKqqPXeKpGvN1EpenCZ86aWJ0Om3YhmkJTwsM23mgjJ0fnAeyhs1yn6vCOje6hnl30ep1i6pr4Agcg1NggkvQAzegDyyAwRw8gxfwqr1pH9qn9rWMVrTiziH4M5XqN0DJsJw=</latexit>

. . .
<latexit sha1_base64="IS4nriWk9hTt3C5Fw+NwfNlzm64=">AAACSXicbZBNS8MwHMbTzZc53zY9eikOwcMorch0t4EXjxPsNljLSNO0i6ZNSVJhlH4Hr/qZ/AJ+DU/iyawrop1/CDw8vyfkn8dLKBHSNN+1Wn1jc2u7sdPc3ds/OGy1j0aCpRxhGzHK+MSDAlMSY1sSSfEk4RhGHsVj7/FmycdPmAvC4nu5SLAbwTAmAUFQKmvkUJ9JMWt1TMMsRl8XVik6oJzhrK0Zjs9QGuFYIgqFmFpmIt0MckkQxXnTSQVOIHqEIZ4qGcMICzcr1s31M+X4esC4OrHUC/f3jQxGQiwiTyUjKOeiypbmf2yayuDazUicpBLHaPVQkFJdMn35d90nHCNJF0pAxInaVUdzyCGSqqGm4+NAtVisk/k8z3jo5ZnR63XNrplXcFhis1sEqtj7wUUgVw1b1T7XhX1h9A3r7rIz6JdVN8AJOAXnwAJXYABuwRDYAIEH8AxewKv2pn1on9rXKlrTyjvH4M/U6t9usbC/</latexit><latexit sha1_base64="IS4nriWk9hTt3C5Fw+NwfNlzm64=">AAACSXicbZBNS8MwHMbTzZc53zY9eikOwcMorch0t4EXjxPsNljLSNO0i6ZNSVJhlH4Hr/qZ/AJ+DU/iyawrop1/CDw8vyfkn8dLKBHSNN+1Wn1jc2u7sdPc3ds/OGy1j0aCpRxhGzHK+MSDAlMSY1sSSfEk4RhGHsVj7/FmycdPmAvC4nu5SLAbwTAmAUFQKmvkUJ9JMWt1TMMsRl8XVik6oJzhrK0Zjs9QGuFYIgqFmFpmIt0MckkQxXnTSQVOIHqEIZ4qGcMICzcr1s31M+X4esC4OrHUC/f3jQxGQiwiTyUjKOeiypbmf2yayuDazUicpBLHaPVQkFJdMn35d90nHCNJF0pAxInaVUdzyCGSqqGm4+NAtVisk/k8z3jo5ZnR63XNrplXcFhis1sEqtj7wUUgVw1b1T7XhX1h9A3r7rIz6JdVN8AJOAXnwAJXYABuwRDYAIEH8AxewKv2pn1on9rXKlrTyjvH4M/U6t9usbC/</latexit><latexit sha1_base64="IS4nriWk9hTt3C5Fw+NwfNlzm64=">AAACSXicbZBNS8MwHMbTzZc53zY9eikOwcMorch0t4EXjxPsNljLSNO0i6ZNSVJhlH4Hr/qZ/AJ+DU/iyawrop1/CDw8vyfkn8dLKBHSNN+1Wn1jc2u7sdPc3ds/OGy1j0aCpRxhGzHK+MSDAlMSY1sSSfEk4RhGHsVj7/FmycdPmAvC4nu5SLAbwTAmAUFQKmvkUJ9JMWt1TMMsRl8XVik6oJzhrK0Zjs9QGuFYIgqFmFpmIt0MckkQxXnTSQVOIHqEIZ4qGcMICzcr1s31M+X4esC4OrHUC/f3jQxGQiwiTyUjKOeiypbmf2yayuDazUicpBLHaPVQkFJdMn35d90nHCNJF0pAxInaVUdzyCGSqqGm4+NAtVisk/k8z3jo5ZnR63XNrplXcFhis1sEqtj7wUUgVw1b1T7XhX1h9A3r7rIz6JdVN8AJOAXnwAJXYABuwRDYAIEH8AxewKv2pn1on9rXKlrTyjvH4M/U6t9usbC/</latexit><latexit sha1_base64="IS4nriWk9hTt3C5Fw+NwfNlzm64=">AAACSXicbZBNS8MwHMbTzZc53zY9eikOwcMorch0t4EXjxPsNljLSNO0i6ZNSVJhlH4Hr/qZ/AJ+DU/iyawrop1/CDw8vyfkn8dLKBHSNN+1Wn1jc2u7sdPc3ds/OGy1j0aCpRxhGzHK+MSDAlMSY1sSSfEk4RhGHsVj7/FmycdPmAvC4nu5SLAbwTAmAUFQKmvkUJ9JMWt1TMMsRl8XVik6oJzhrK0Zjs9QGuFYIgqFmFpmIt0MckkQxXnTSQVOIHqEIZ4qGcMICzcr1s31M+X4esC4OrHUC/f3jQxGQiwiTyUjKOeiypbmf2yayuDazUicpBLHaPVQkFJdMn35d90nHCNJF0pAxInaVUdzyCGSqqGm4+NAtVisk/k8z3jo5ZnR63XNrplXcFhis1sEqtj7wUUgVw1b1T7XhX1h9A3r7rIz6JdVN8AJOAXnwAJXYABuwRDYAIEH8AxewKv2pn1on9rXKlrTyjvH4M/U6t9usbC/</latexit>
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